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Fine-structure constant variability, equivalence principle, and cosmology

Jacob D. Bekenstein*
Racah Institute of Physics, Hebrew University of Jerusalem, Givat Ram, Jerusalem 91904, Israel

~Received 26 August 2002; published 31 December 2002!

It has been widely believed that variability of the fine-structure constanta would imply detectable violations
of the weak equivalence principle. This belief is not justified in general. It is put to rest here in the context of
the general framework fora variability @J. D. Bekenstein, Phys. Rev. D25, 1527 ~1982!# in which the
exponent of a scalar field plays the role of the permittivity and inverse permeability of the vacuum. The
coupling of particles to the scalar field is necessarily such that the anomalous force acting on a charged particle
by virtue of its mass’s dependence on the scalar field is canceled by terms modifying the usual Coulomb force.
As a consequence a particle’s acceleration in external fields depends only on its charge to mass ratio, in
accordance with the principle. And the center of mass acceleration of a composite object can be proved to be
independent of the object’s internal constitution, as the weak equivalence principle requires. Likewise the
widely employed assumption that the Coulomb energy of matter is the principal source of the scalar field
proves wrong; Coulomb energy effectively cancels out in the continuum description of the scalar field’s
dynamics. This cancellation resolves a cosmological conundrum: with Coulomb energy as the source of the
scalar field, the framework would predict a decrease ofa with cosmological expansion, whereas an increase is
claimed to be observed. Because of the said cancellation, magnetic energy of cosmological baryonic matter is
the main source of the scalar field. Consequently the expansion is accompanied by an increase ina; for
reasonable values of the framework’s sole parameter, this occurs at a rate consistent with the observers’ claims.

DOI: 10.1103/PhysRevD.66.123514 PACS number~s!: 98.80.Es, 04.80.Cc, 06.20.Jr, 95.30.Sf
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I. INTRODUCTION

Observations of fine-structure multiplet splittings in t
absorption line systems of distant quasars have lately
gested@1# that the fine-structure constanta at cosmological
epochs with redshift 1–3.5 was lower than it is today. T
evidently revolutionary claim begs for a theoretical fram
work to enable judgment as to whether such a variation
be consistent with accepted physical principles. Variation
a was first considered theoretically by Jordan@2#, Teller @3#
and Stanyukovich@4#.

Already before Gamow’s influential speculation thata
varies linearly with cosmological time@5#, Dicke had made
the point that any variation ofa can be regarded equally we
as due to variation of particle charge, or alternatively of
speed of lightc or of \, with the choice being a matter o
convenience, not physics@6#. He also exhibited a theory in
which the Maxwell invariant couples linearly to a standa
massless scalar field as an example of a variablea theory. In
this theory the permittivity and reciprocal permeability of t
vacuum vary in consonance with the scalar field; it can a
be regarded as a variable charge theory. Independently o
specific theory ofa variation, Dicke provided an argumen
@6,7# that spatial variation ofa, which would be expected to
accompany cosmological temporal variation if the under
ing theory is covariant, contradicts the weak equivalen
principle ~WEP!. The essence of the argument is that a n
negligible fractionz of the massM of any chunk of ordinary
neutral matter is Coulombic in origin. The Coulomb ener
EC5zMc2 should scale with the square of the constitue
charges, meaning it should be proportional toa, and should
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thus depend on position ifa does. The force on massM
should thus contain in addition to the Newtonian p
2M“fN an anomalous portion2“EC52(]EC /]a)“a
52(zMc2/a)“a. Dicke conjectured@6,7# that “a/a
'ac22

“fN . In this view—here designated theCoulomb
model regardless of the law ofa variation assumed—the
acceleration ofM comprises an anomalous fractionza which
varies from material to material~for example, the nuclea
contribution toz ranges from 0.0016 for aluminum to 0.004
for lead!, thus engendering a violation of the principle
universality of free fall of neutral matter, a special case of
WEP. Uzan@8# has given a masterly review of this subjec
as well as of the whole question ofa variability.

I made use of the Coulomb model for the anomalous fo
when drawing conclusions from the general field-theore
framework ofa variability I formulated two decades ago@9#.
The model has also been uncritically adopted by most s
sequent investigations in the subject@10–18#; a refreshing
exception is Landauet al. @19#. Within the general frame-
work the Coulomb model predicts that the anomalous ac
eration is a fraction;z2 of the total one; this is within an
order of magnitude of the fractionza implied by Dicke’s
conjecture~see Ref.@9# and Sec. V A below!. Similar results
are in evidence in other treatments. They have given ris
the widespread belief thata variability necessarily implies
violations of the WEP detectable by Eo¨tvös-Dicke-Braginsky
~EDB! type experiments@8#, particularly if the claimed cos-
mological variability@1# is essentially correct.

But as shown below, such sweeping conclusion is unw
ranted; it all depends on the structure of the underlying fi
theory. Contrary to intuition and my original supposition,
the general framework@9# Coulomb energy of matter is
found to be unimportant as a source of the scalar field
©2002 The American Physical Society14-1
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sponsible for spatiala variability. Spatial gradients of tha
field are necessarily much smaller than has been gene
appreciated heretofore. This finding also impinges upon c
mology as it leads to a modification of the widely used c
mological equation fora variability.

The paper is designed as follows. In Sec. II I recapitul
the general variablea framework and discuss its relation t
other theories ofa variability. I rederive the equations o
motion for scalar and electromagnetic fields and partic
within the framework, and remark that one is prevented fr
assuming—as widely done—that the dependence of par
masses on the scalar field, which enters both in the ano
lous force on particles and in the source of scalar fie
comes from Coulomb energy. Rather the equations of
theory themselves, being nonlinear, determine the natur
their sources.

This is indeed seen from theexactsolution—presented in
Sec. III—for the fields of a pointlike charge held initially a
rest in a uniform external electric field. The dependence
the particle’s mass on scalar field isnot of the sort expected
from the Coulomb energy model: the anomalous force
cancelled by a correction to the usual electric force. Th
there is no indication that different types of particle with lik
charge-to-mass ratio would move differently in the same
ternal fields, and so there is no basis for a violation of
WEP. I also show that within the framework a charged p
ticle has a minimum possible extension, and that grav
tional corrections to the mentioned results are small, even
the most compact charge.

In Sec. IV I generalize the said solution to the case
many charges held fixed in space. I prove rigorously tha
an initial moment, the center-of-mass acceleration of acol-
lection of charges~some may be zero! starting at rest de-
pends exclusively on its total mass and charge, and on
external electric field, but not on the structure of the colle
tion. Again no violation of the WEP is in evidence.

Section V shifts the focus from the microscopic descr
tion of individual charges to the macroscopic description
terms of smoothed electromagnetic and scalar fields and
smoothed sources. The macroscopic scalar field is show
a variety of examples to be too small to effect WEP vio
tions detectable in the foreseeable future. Ordinary ma
contributes two terms of Coulomb origin to the source of
scalar field. Taken together uncritically these would sugg
that in the vicinity of a chunk of matter,“a/a
;zc22

“fN , of the same order as Dicke’s conjectured sp
tial a variability. But when the mentioned exact solution
taken into account, the two Coulomb terms are seen to ca
each other. The source retains only terms of higher or
these are incapable of generating WEP violating signals
servable in the foreseeable future.

Casting about for other sources ofa variability, I show in
Sec. VI that contributions of spin and orbital magnetic
poles in ordinary matter to the sources of the scalar field
likewise too weak to engender violations of the WEP
soon-to-be observable levels.

In Sec. VII I show that the cancellation of the Coulom
energy in the source of the scalar field makes baryonic m
netic energy the dominant source of cosmologicala variabil-
12351
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ity. This, together with the significant value of the fundame
tal scale of the theory permitted by WEP tests~as newly
understood!, makes it possible to understand the observ
cosmological growth ofa and the rate of it as reflecting
standard properties of cosmological baryonic matter; ther
no need for this to postulate dark matter with peculiar el
tromagnetic properties. Section VIII summarizes the conc
sions and caveats on them.

Below I shall employ the signature$21,1,1,1% and the
convention that Greek indices range from 0 to 3, while La
indices take on values from 1 to 3. The time coordinate
denoted byt or x0.

II. FRAMEWORK FOR a VARIABILITY

A. Modifying electrodynamics

The general field-theoretic framework fora variability @9#
is based on eight assumptions:~1! for constanta the frame-
work’s electromagnetism reduces to Maxwell’s with a min
mal coupling to charged matter,~2! a dynamics comes from
an action,~3! this as well as electrodynamics’ action a
relativistic invariants,~4! the overall action respects gaug
invariance,~5! electromagnetism is causal and~6! respects
time-reversal invariance,~7! any length scale in the theory i
not smaller than Planck’s length,P5(\G/c3)1/2'1.616
310233 cm, and~8! gravitation is governed by the Einstein
Hilbert action.

The choice of units that makesG, \ andc constant shifts
the burden of variation onto the charges. Simplest is the c
where all chargesei vary in unison:ei5e0ie(xm), wheree0i
denotes the couplingconstantof particle i and e(xm) is a
dimensionlessscalar field~scalar since charge is an invaria
in relativity!. There is arbitrariness in the definition ofe; one
can multiply it by a constant and divide alle0i by the same
constant without changing anything. That is why one m
demand that the dynamics ofe be invariant under globa
rescaling of this field~charge-scale invariance!. The only
possible form of the free action fore is thus

Se52
\c

2l 2E e22e ,me ,
m~2g!1/2d4x, ~1!

whereg denotes the determinant of the metricgmn , l is a
constant scale of length introduced for dimensional reaso
by assumptionl cannot be smaller than,P .

By assumption~1! e must enter into all electromagneti
interaction terms in the matter action via the replacem
eiAm°e0ieAm , with Am the usual electromagnetic potentia
Gauge invariance of the matter action@assumption~4!# will
then be preserved only if a gauge transformation means

eAm°eAm1l ,m ~2!

with l any scalar function of spacetime point. In order f
the electromagnetic action to be invariant under this trans
mation as well as undere rescaling, it must take the form

Sem52
1

16pE FmnFmn~2g!1/2d4x, ~3!
4-2
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where Fmn5e21@(eAn) ,m2(eAm) ,n# obviously stands for
the gauge ande-scale invariant electromagnetic field tens
One can consider adding to the integrand ofSem a term such
asFmn* Fmn, where* Fmn denotes the dual ofFmn . In Max-
wellian electrodynamics such an addition is equivalent t
boundary term, and classically irrelevant. Here this is
true because of the appearance of the factore22 in the inte-
grand, but the extra term must nevertheless be rejected
cause it violates time-reversal invariance@assumption~6!#.

B. Actions

The appearance ofe in the electromagnetic interactio
means that the equation fore will involve Am . This was
found to be a bit inconvenient in Ref.@9#. Thus I shall here
adopt the Sandvik-Barrow-Magueijo~SBM! procedure@14#
of replacingAm by another 4-potential,am[eAm . The gauge
transformation~2! now turns into

am°am1l ,m , ~4!

so that it is suitable to think of

f mn[an,m2am,n ~5!

as the new electromagnetic field tensor; it will turn out to
the physical field tensor~Sec. II D!. Likewise I expresse
everywhere in terms of SBM’s fieldc5 ln e.

The total action thus becomesS5S(c)1S( f )1Sm1Sg ,
whereSm is the matter action~including the electromagneti
interaction!

S(c)52
1

8pk2E c ,mc ,
m~2g!1/2d4x ~6!

S( f )52
1

16pE e22c f mn f mn~2g!1/2d4x ~7!

Sg5
c4

16pGE R~2g!1/2d4x ~8!

with

k[
l

~4p\c!1/2
'8.11310226

l

,P

erg1/2

cm1/2
. ~9!

In the new form ofS, c enters not only inS( f ) but also
appears in the particle masses inSm, even for elementary
particles. This point is clear from the example of a fermi
particle coupled to electromagnetism. If charges were tr
constant, the process of renormalization would introduceei
dependence in the fermion~dressed! mass. After the transi-
tion

eiAm°e0ieAm ~10!

the mass becomes a function ofe. Swappingam for Am
eliminatese from the electromagnetic interaction, but leav
e or c dependence in the mass. It is intractable to calcu
such dependence by summing the quantum corrections t
12351
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orders in perturbation theory. However, the framework off
a self-consistent way to computem(c) which is investigated
in Appendix C.

C. Relation to other theories

As discussed in Ref.@9# and already foreseen by Dick
~Ref. @6#, Appendix 4!, the second form of the framewor
describes constant charges in the presence of varyin
vacuum permittivity and permeability,e22c ande2c, respec-
tively. The framework’s action differs from that in Dicke’
theory only in that here the electromagnetic Lagrangian
coupled to an exponential of the scalar field~as required by
charge-scale invariance of the original form of the fram
work! whereas Dicke made the coupling linear in the fie
There is a resemblance also to Jordan’s theory of vary
natural constants@2,8#; apart from the coefficients of the
various terms, the action recapitulated here is the cash
50 of Jordan’s.

This is the place to mention the variable speed-of-lig
~VSL! theories@20# which have also been touted as variab
a theories@13,21#. Dicke’s dictum@6# ~cf. Sec. I! that only
variation of a dimensionless constant is operationally me
ingful does not preclude the formulation of a theory whi
promotese, or alternativelyc, to the status of a dynamica
field. It only asserts that whene and c appear in the same
physical context, the two forms of the theory would be e
perimentally indistinguishable@22,23#. This point has led to
loud controversy with some authors affirming that a VS
theory makes different predictions fora variability than a
variablee theory @13,21,24#, while others deny it@23#.

This disagreement is easily defused;c appears in physica
actions in at least four contexts: in the electromagnetic fie
to-matter coupling, cf. Eq.~11!, in mass terms, in Lagrangia
prefactors, e.g. the\c prefacing the Dirac field action, and i
the Einstein-Hilbert action~8!. Only for the first of these isc
variation fully swappable fore’s in the context of variablea.
In fact, the variable factor in thec featuring in the electro-
magnetic field-to-matter coupling could be absorbed into
electromagnetic potential at the sole cost of introducing
dynamical factor in the electromagnetic field action~3!,
which would then take a form reminiscent ofSf , Eq. ~7! of
the framework studied here~a variablee theory!. However, a
theory where at least twoc’s with different roles are pro-
moted to different dynamical fields can obviously make p
dictions different from those of a theory where onlye varies.
Such, for example, is Magueijo’s covariant VLS@21#. In the
case that all matter is just an electromagnetic field, t
theory can be understood as one where thec of electromag-
netism and that from the gravitational action are promoted
different powers of the scalar field. This theory, which ess
tially coincides with the general case of Jordan’s@2,8#, would
predict a different cosmologicala evolution than does the
present framework@13#, but that is because the modifie
Maxwellian electrodynamics in Magueijo’s theory is supp
mented by a Brans-Dicke style modification of gravity: it is
theory of variablea and variable gravitational coupling.
4-3
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D. Equations of motion

Just as in other theories, in the framework the simplestSm
is that describing a pointlike classical, possibly charged, p
ticle:

Sm5E F2mcS 2gmn

dzm

dt

dzn

dt D 1/2

1
e0

c

dzm

dt
amGcg21

3d3@x2z~t!#d4x ~11!

wherezm(t)5$z0(t),z(t)% is the world line of the particle
as function of proper timet, andg5dz0/dt is its Lorentz
factor. The vanishing ofdSm/dxm, when combined with
the conditiongmndzmdzn52c2dt2, gives the equation o
motion

D~mua!

dt
52

]mc2

]c
c ,a1

e0

c
f abub ~12!

or

m
Dua

dt
52

]mc2

]c
~c ,a1uaubc ,b!1

e0

c
f abub ~13!

where D/dt stands for the covariant derivative along t
velocity ua[dza/dt, itself subject togmnumun52c2. It is
plain from this thatf ab is the physical electromagnetic field
Equation~13! makes it clear that in general, in addition
the ~suitably modified! Coulomb and Lorentz forces, a
anomalous force coming from thec dependence of mass ac
on any test charge immersed in a background electrom
netic field.

The vanishing ofd(Sm1S( f ))/dam gives the electromag
netic field equations

~e22c f mn! ;n5
4p

c
j m ~14!

j m[e0cum
d3@x2z~t!#

gA2g
. ~15!

The appearance ofe22c in Eq. ~14! confirms the interpreta
tion of this factor as permittivity~or the reciprocal of the
permeability! of the vacuum in the present version of th
theory. The conservation of the currentj m follows directly
from Eq. ~14!; the conserved charge is the truly constante0.
It is in this sense that electric charge is still conserved in
‘‘variable charge framework’’@9#.

Finally the vanishing ofd(Sm1S(c)1S( f ))/dc gives the
equation forc,

c ,m;
m 54pk2

]mc3

]c

d3@x2z~t!#

gA2g
2

k2

2
e22c f mn f mn ~16!

while that ofd(Sm1S(c)1S( f )1Sg)/dgmn gives the gravita-
tional field equations.

To fully specify the equation of motion of charged pa
ticles, Eq. ~13!, one must specifym(c). As mentioned in
Sec. I, it has been customary to assume that the space
12351
r-

g-

is

me

dependence of mass reflects the electromagnetic contribu
to it, here proportional toe2 or e2c. Thus for ordinary matter
~for which the Coulomb energy far surpasses magnetic
ergy!, it has been customarily assumed that a fixed fractioz
of mc2 is Coulombic, so that]m/]c52zmc2 @9–18#. Be-
causez is expected to vary from object to object, violation
the WEP would seem to be inevitable. However—and this
one of the main points of the present paper—the mentio
prescription form(c) is the wrong one for the framewor
defined in Sec. II. The point is that the field equations~14!–
~16! are nonlinear, e.g. the permittivitye22c is determined
by the electromagnetic field strength through Eq.~16!. It is
well known that the equations of motion of the sources
nonlinear field equations, e.g. Einstein’s equations, canno
freely prescribed. Rather, their nature is specified by the fi
equations themselves. Here, too, one must let the field e
tions specify the nature ofm(c) which defines the explicit
form of the source’s equation of motion, Eq.~13!.

III. ISOLATED POINT ELECTRIC CHARGE

A. The charge’s fields

An important step in clearing up the status of the WEP
the framework is the study of the motion of a pointlik
charge in a specified external electric field. The theory’s n
linearity does not permit one to ignore the charge’s o
fields in setting up its equation of motion; the task would
easier in Maxwellian electrodynamics where fields can
superposed. For now I neglect the curvature of spacetime
shown in Sec. III D, this is entirely justified for elementa
particles and small collections of them. I also assume t
initially the charge is held in place by some unspecifi
force, and then released, so that its fields are static to
with.

Settingg51 andx(t)50 in Eqs.~14!–~16! one can look
for a static solution with vanishing magnetic field (f i j 50).
With the notationc21E[$ f 01, f 02, f 03% one gets

“•~e22cE!54pe0d3~x! ~17!

“

2c54pk2F]mc2

]c
d3~x!1

1

4p
e22cE2G .

~18!

By Eq. ~5! and the obvious condition thatam may be taken
time independent,E must be a gradient:E5“Y.

The generic solution of Eq.~17! is

e22c
“Y52“F1b; “•b50, ~19!

where

F5e0 /r ~20!

is the usual Coulomb potential of the chargee0 in spherical
polar coordinates$r ,q,w%. A particular solution is obtained
whenb equals someconstantvectorE. Sincec should as-
ymptote to a constant at infinity,E is obviously the applied
external electric field up to a positive proportionality co
stant. The curl of Eq.~19! gives“c3“Y50 which shows
4-4
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that c andY are functions of each other. By Eq.~19! both
can be taken as functions of only the potentialV[F
2E•x. Thus

E52e2c
“V ~21!

with c5c(V). So far it is clear that Eq.~21! is the unique
solution whenb5E. But as argued in Sec. IV A, the unique
ness survives whenb is only known to asymptote toE.

In view of Eq. ~21!,

¹2c5c8¹2V1c9e24cE2 ~22!

(8[d/dV, etc!. Since¹2V524pe0d3(x), the first~second!
term on the right hand side~RHS! of Eq. ~22! must match the
first ~second! term on the RHS of Eq.~18!. The second con-
dition, namely,

c95k2e2c ~23!

can be integrated after multiplication byc8 to give

c8 25k2~e2c1Ã! ~24!

with Ã a dimensionless constant of integration. Appendix
obtains all solutions of this equation.

Identifying the pointlike source terms of Eqs.~18! and
~22! gives

k2~]mc2/]c!52e0c8 at x50. ~25!

This condition makes the two source terms equivalent e
when thed function is somewhat smeared~I shall show be-
low that in this theory there is a lower bound to the radius
any charge, so this smearing must occur!. As evident from
the appearance in the RHS of a term linear ine0, the depen-
dence arising from this equation is not automatically of
form m5m01const3e0

2e2c commonly adopted~Coulomb
model!.

B. Physical choice ofÃ and WEP

To find out aboutÃ I now work out the total force of
electric origin acting on the chargee0 . I make no attempt to
separate out the self-field. Immediately after the charge
released Eqs.~13! and ~21! give

mdv/dt52~]mc2/]c!“c1e0E

52@~]mc2/]c!c81e0e2c#“V. ~26!

It is to be stressed that the force on the RHS here compr
both the~modified! Coulomb force and the anomalous forc
Substituting (]mc2/]c) from Eq. ~25! and c8 2 from Eq.
~24! gives, after a cancellation, that

mdv/dt5Ãe0“V. ~27!

The choiceÃ50 in the solution corresponding to
chargee0 is physically untenable. It would mean that in th
presence of an arbitrary external fieldE, e0 experiences no
force whatsoever. This is contrary to all experience, and
theory developed here is supposed to describe the real w
12351
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It must be, then, thatÃÞ0. ForÃÞ0 the force on the RHS
includes the usual self-force term proportional to“F which
is always dropped in Maxwellian electrodynamics; I do
too. Thus

mdv/dt52Ãe0E. ~28!

It would be hasty to reject outright all the cases withÃ
Þ21 on the grounds that Eq.~28! would then have the
wrong form; after allE is the external electric field only up
to a positive proportionality constant. However, withÃ.0
the net force acting on the particlewould be opposite the
accepted one. One cannot remove this problem by assum
that the ‘‘passive’’ charge here which senses the applied fi
is opposite in sign to the ‘‘active’’ chargee0 which is the
source of the electric field in Eq.~17!. For if this were true
here, it would be true in other cases too. IfE is then inter-
preted as representing the field of a distant charge~up to a
positive multiplier!, it is immediately apparent that charge
of one sign wouldattract. I thus conclude that physicallyÃ
must be negative.

In Appendix A all solutions of Eq.~24! are found; that for
negativeÃ is (x is an integration constant!:

ec5uÃu1/2sec~ uÃu1/2kV1x!. ~29!

This solution is unique~in the physical sense! by the one-to-
one correspondence between solutions of Eq.~24! for one
charge and the solutions of the corresponding equation
many charges~see Sec. IV A!. The latter are certified as
complete set of solutions by the duality argument to be
forth in Sec. VI A, and the particular solution withÃ,0
corresponds to Eq.~29!.

Let us interpretep[uÃu1/2e0 as the physical charge an
Ep[uÃu1/2E as the physical external field. This brings E
~28! to precisely the everyday form of the Newtonian equ
tion of motion in an external field;Ã disappears from the
equation of motion.

Equation~29! now takes the form

ec5uÃu1/2sec~kVp1x!, ~30!

whereVp[Fp2Ep•x, andFp is built just asF in Eq. ~20!
but from the physical charge. It would seem thatÃ still
appears after the reinterpretation. However, this is just
illusion. Consider the energy density of the electric fieldE
5(8p)21e22cE2 according to Eq.~B2!. This can be recas
in terms of physical quantities in such a way thatÃ does not
appear explicitly:

E5~8p!21sec2~kVp1x!•~Ep2“Fp!2. ~31!

The same can be said about the purely Coulomb force on
test charge,F5e0E, which takes the form

F5epsec2~kVp1x!•~Ep2“Fp!. ~32!

Again Ã has disappeared. All this means that settingÃ5
21 ~identifying e0 with the physical charge! is a matter of
4-5
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convention, and does not entail any assumptions about
physics. I thus takeÃ521 and drop the subscriptp hence-
forth.

The equation of motion~28! for the particle in an externa
field ~with Ã521) already shows that the WEP is not vi
lated – at least not in an obvious way—in the theory
question. The putative anomalous force from thec depen-
dence of the mass is compensated for by the modificatio
the Coulomb force effected by thec field @the e2c factor in
Eq. ~26!# in such a way that, at least for a quasistationa
charged particle, the force acting on the charge isindepen-
dent of the fraction of its rest mass which is of Coulom
provenance. One finds no indication here for a violation
the WEP.

A brief remark about neutral particles is in order here.
that case Eqs.~17!,~18! reduce to a Poisson equation forc
with a pointlike source. The formal solution isc5C/r with
C a constant proportional to]m/]c of the source. Dvali and
Zaldarriaga@12,25# suggest thatC is generically nonzero
with the consequence that long-range anomalous forces
even between neutral particles. For the neutron they in
this from thea dependence of the neutron mass coming fr
virtual photon exchange between its constituent quarks@12#
as calculated perturbatively to low order. As discussed
Sec. IV A, the framework suggests rather thatC50, at least
when some charged particles are also present.

C. Minimal size of an isolated charge

Henceforth I setE50. With Ã521, Eq. ~30! gives

ec5sec~kF1x!. ~33!

Apart from the inclusion of the ‘‘phase’’x, this is the origi-
nal solution presented in Ref.@9#, where it was pretty much
got ten by guessing. Redefiningx is equivalent to shifting
the zero ofF; this is certainly without physical significanc
here as in Maxwellian electrodynamics. As already cl
from Eq. ~20!, I here adhere to the convention thatF van-
ishes at infinity. The value ofx is thus fixed by the
asymptotic value ofec, which coincides with the instanta
neous cosmological value ofec in the appropriate model o
the universe.

According to Sec. II, it is permissible to multiply alle0i
by a common positive constant while simultaneously div
ing e by it. I exploit this freedom to set the cosmologic
value of e to unity at the present epoch. After this is do
one can definec as the logarithm ofe and pass to the secon
form of the theory. From the solution~33! at the mentioned
epoch one then finds thatx50 ~this was also the choice o
Ref. @9#!. Althoughx evolves cosmologically, it is evidently
possible to setx50 at any one cosmological epoch. Th
results we shall obtain below that depend on havingx50 are
valid at any single epoch. It is only when interests centers
comparing physics at two separate epochs that one ca
longer do away withx.

By Eq. ~33! ec can diverge and then turn negative wh
uFu>p3/2(\c)1/2l 21. Because the permittivity of the
vacuum cannot be negative, this must mean thatuFu can
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never reach such values, i.e., that the particle with charge0
is spread over a sufficiently large radiusR to prevent this. By
Eq. ~20! this condition is

R.p23/2~e0
2/\c!1/2~ l /,P!,P . ~34!

Because asymptoticallyec→1 at the present epoch, on
can take (e0

2/\c)1/25(137)21/2;0.1 for e0 the elementary
charge. And by the framework’s assumption~7!, l .,P ;
in fact I shall show in Sec. VII that if the alleged cosmolog
cal a variability is to find explanation in this framework,l
must be an order of magnitude above,P ~see also Refs.
@9,13–15#!. Thus the lower bound on the radius of any
charge is at least a Planck length. Composite particles,
the proton, easily satisfy Eq.~34!. For leptons and quarks
which are regarded as pointlike, quantum gravitational
fects must intervene at radii of a few Planck lengths a
modify the above classical considerations. But it is notew
thy that our formal lower bound onR is not at variance with
the widespread belief that no elementary particle can
smaller than,P , the scale at which spacetime can no long
be regarded as a continuum.

D. Why neglect spacetime curvature?

The neglect of spacetime curvature in all the preced
calculations may be justified when the particle in question
either elementary or made up of a not excessive numbe
elementary particles. Appendix B shows that corrections
the usual exterior Reissner-Nordstro¨m metric ~of general
relativity! belonging to a particle with chargee0 become
important in our theory only whenuFu is no longer small
compared top3/2(\c)1/2l 21. By Eq. ~34! uFu gets that big
only asr approachesR. Thus, if all one wants is to investi
gate the source’s exterior, one can, with good accuracy,
ploy the Reissner-Nordstro¨m metric,

ds252e2ldt21eldr21r 2~du21sin2udw2! ~35!

e2l[122Gmc2r 211Ge0
2c24r 22, ~36!

wherem is the source’s mass.
This metric begins to depart seriously (5% level! from

Minkowski’s at a radiusr;max(5G1/2e0c22,40Gmc22).
Now for the known charged elementary particles or sm
agglomerates of them,m!G21/2e0 ~in fact G21/2e0 /m is of
order 1025 for the electron and 1020 for a nucleus or atom!.
Thus significant departures from flatness are only found
r ,5G1/2e0c2255(e0

2/\c)1/2,P , i.e., at Planck scale wher
the whole classical description is already irrelevant. And
pointed out in Sec. III C, pointlike particles in this frame
work cannot be smaller than this. Thus, description of
exterior of a pointlike elementary object~or a small collec-
tion of such! can well afford to ignore spacetime curvatur

IV. MULTIPLE ELECTRIC CHARGES

A. The solution

The results above may be generalized to a collection oN
chargese0i initially clamped at positionszi , i 51,2, . . . ,N.
Again with neglect of gravity Eqs.~14!–~16! reduce to
4-6
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“•~e22cE!54p(
i

e0id
3~x2zi ! ~37!

¹2c54pk2F(
i

]mic
2

]c
d3~x2zi !1

1

4p
e22cE2G .

~38!

As in Sec. III, I takeE5“Y.
I define anew

F~x!5(
i

e0i

ux2zi u
; ~39!

this is the standard Coulomb potential due to all the charg
Recalling that

¹2F524p(
i

e0id
3~x2zi !, ~40!

it is now easy to check that

E52e2c
“F ~41!

together with any of the choices (x is a constant!

ec5H 6~kF1x!21, Ã50

6AÃ csch~AÃkF1x!, Ã.0

AuÃusec~AuÃukF1x!, Ã,0

~42!

constitute solutions of Eqs.~37!, ~38! provided the analoge
of Eq. ~25! is satisfied for every one of the charges, to w

k2~]mic
2/]c!52e0ic8 at x5zi . ~43!

I shall exploit this last equation in Appendix C to elucida
the spatial variation of themi .

It turns out that Eqs.~41! and~42! comprise all the static
solutions for multiple charges. Although it is hard to pro
this directly, results in Sec. VI A enable this be establish
immediately by duality arguments. The one-to-one cor
spondence between the branches ofc in Eq. ~42! and those
for the one-particle solution~A5! then establishes that in Se
III B, Eq. ~21! is indeed the most general form forE possible
even ifb is not assumed constant except asymptotically; g
eralizations of Eq.~21! would necessarily affectc through
Eq. ~18!.

Since the physical multiparticle solution should inclu
the physical single particle solution as a special case, I
Ã521 here as in Sec. III B. I also setx50 on the basis of
the argument of Sec. III C. That this choice of parameter
consistent is made clear by the following argument. Supp
F i .1, the part ofF coming from particlesi 52,3, . . . ,N, is
approximated by the first two terms of a Taylor series ab
z1. DenotingkF i .1(z1) by x1 and“F i .1 at z1 by 2E, the
last of Eqs.~42! gives in the vicinity of chargei 51

ec'sec$k@F i 512E•~x2z1!#1x1%. ~44!

This is of the same form as Eq.~30! for the single charge
solution. Although the phasex of the whole charge comple
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has been set to zero, each individual charge has an assoc
phase,x i , induced by its neighbors. The result~44! makes it
clear again that the one-charge solution Eq.~30! is physically
unique, as mentioned earlier.

With the above choices the full multiparticle solution is

ec5sec~kF! ~45!

E52e2c
“F52k21

“tan~kF!. ~46!

This result serves to clear up the question~Sec. III B! about
the value of]m/]c for a neutral particle. Because neutrinos
and neutral mesons are scarce in laboratory matter, the
ticle of most interest is the neutron. It is composite, bu
avoid any discussion of its structure and extension, and t
it as pointlike object as it would indeed appear to low ene
probes. In this spirit one can include a neutron as particln
in the collection just discussed by formally takinge0n→0. It
is easy to verify that this limit is a solution of the equation
It follows from Eqs.~45!,~46! that c is regular at the neu-
tral’s position, and from Eq.~43! that ]mn /]c50. More
generally, for aneutralpointlike particle,m is c ~and space-
time! independent. It remains a task for the future to reco
cile this conclusion with the dependence of the neutron m
ona according to perturbative calculations within QCD@12#.

B. The momentum equation and WEP

In our context the WEP would require that a compos
possibly charged body moves inuniform external electric
and gravitational fields with an acceleration which depen
only on its total mass and charge, but not on its detailed in
structure. To put the framework to the test in this respec
imagine allN charges in ‘‘the world’’ to be lumped into two
clusters. One, a spherical massive one, I put at the origin
regard it as a single particle of massm1 and chargee01. The
other, denoted byC, is made up ofN21 chargese0i with
massesm0i ; i 52,3, . . . ,N. By assuming the distance be
tween the clusters is large compared to both their extensi
it is possible to think of the charge at the origin as pointlik
andC as immersed in the uniform fields of the former.

I take the static solution for the fields, Eqs.~45!,~46!, as
part of the initial conditions for the envisaged dynamic
situation. I restrict discussion to the initial momentt50
when all the charges are still at rest. This restriction is n
essary here because the fully dynamical solution is as
unknown. However, it should be clear that any violations
the WEP would be expected to show up already at the in
moment because they involve the acceleration. The dem
stration in Sec. IV C that no such violations occur, at le
within the approximation to be described presently, stron
suggests that the WEP holds to great accuracy in the dyn
cal situation as well.

As a first step I calculate therate of change of total mo-
mentum in the masses constitutingC. According to Eq.~12!
in the nonrelativistic approximation and with neglect
gravity
4-7
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d

dt (
i 52

N

mivi5(
i 52

N S 2
]mic

2

]c
“c1e0iED

x5zi

. ~47!

Substitution from Eqs.~43! and ~45!, ~46! and use of the
identity sec2x2tan2x51 transforms this into

d

dt (
i 52

N

mivi52(
i 52

N

e0i“Fux5zi
. ~48!

Now near chargei, ¹F is dominated by the self-field (x
2zi)/ux2zi u3 which points radially out from it. As in Max-
wellian electrodynamics, here one may think of the for
from this part as averaging out in the limit. Left over fro
the force are the terms (j Þ i )

(
i 52

N

(
j 51

N
e0ie0 j~zi2zj !

uzi2zj u3
5e01(

i 52

N
e0i~zi2z1!

uzi2z1u3
~49!

with the second form following cancellation of thej Þ1
terms in pairs. The assumed smallness ofC as compared with
the distancesuzi2z1u justifies replacement of everyzi on the
RHS by the cluster’s center-of-mass positionZ ~an approxi-
mation no different from the one customarily made in Ma
wellian systems!:

d

dt (
i 52

N

mivi5Q
e01~Z2z1!

uZ2z1u3
~50!

with Q[( i 52
N e0i . Thus the rate of change of momentum

the particles in the cluster is controlled by the formal Co
lomb field of charge 1, approximated as uniform atC, and by
C’s total charge. Just as in Maxwellian electrodynamics, h
the cluster’s internal structure does not affect the rate
change of its total particle momentum.

Although this finding is consistent with the claim that th
WEP is satisfied here, it is no complete proof: themi vary,
making the relation between the rate of change of the t
particle momentum and the acceleration of the center
mass less clear than usual.

C. Restricted microscopic proof of WEP

To clarify the above point I look at the time component
energy-momentum conservation for the whole system (C and
charge 1!. If Tmn includes the tensors for the particles and t
electromagnetic and scalar fields,Tmn

;n50 can be derived
from the gravitational field equations as usual. Ignoring
gravitational field gives

]T00/]t1]T0i /]xi50. ~51!

Multiplying the equation byxj , integrating over a large vol
umeV containingC but excluding charge 1, and integratin
by parts, gives

d

dtEV
T00xjd3x5E

V
T0 jd3x2 R

]V
xjT0id2Si . ~52!
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The integral on the LHS is just the product of total ma
M5*VT00d3x of the cluster~neglecting contributions from
the fields beyond the reaches ofC) and the componentZj of
Z. One further time derivative gives

d2

dt2EV
T00xjd3x5

d

dtEV
T0 jd3x2

d

dt R]V
xjT0id2Si .

~53!

The spatio-temporal componentT0i figuring in Eq. ~53!
receives three contributions. The first,T( f )

0i from the f mn

field ~see Appendix B!, comprises products off 0i with f i j .
The f i j evidently vanish att50 ~no motion, no magnetic
field!. Further, because I assume the static solution~45!,~46!
for c andE holds att50, f 0i52cEi is a gradient. Then the
identity ḟ i j 1 f 0i , j1 f j 0,i50 ( f mn derives from a 4-potential!

shows that initially ḟ i j 50. Therefore, time differentiation
anihilates both integrals overT( f )

0i in Eq. ~53! at t50 ~that
ċ50 at t50 will be shown presently!.

The second contribution,T(c)
0i ~again see Appendix B!,

comprises products ofc ,i with ċ. Now because the scala
equation~16! is of second order in time, one may requi
ċ50 at t50; this is consistent with this instant representi
the end of a purely static situation. Further, comparison
Eqs.~38! and~16!, the latter satisfied identically by solution
~45!,~46!, shows that alsoc̈50 at t50 for the assumed ini-
tial conditions. Thus time differentiation of both integra
over T(c)

0i in Eq. ~53! fails to produce nonvanishing contr
butions att50.

Accordingly, the time derivatives att50 in Eq. ~53! of
both integrals overT 0i come solely from the particles inC.
Since the surface]V lies beyond them, the RHS of Eq.~53!
comprises solely (d/dt)*Tm

0 jd3x. The tensor in question is
derived from action~11! by variation of gmn and use of
gmnumun52c2:

Tm
mn5(

i
mic

dzi
m

dt

dzi
n

dt

d3@x2zi~t!#

gA2g
. ~54!

Neglecting the difference betweent andt, replacingA2g by
its Minkowski valuec, and substituting in Eq.~53! gives

d2~MZj !

dt2
5

d

dt (
i 52

N

mivi . ~55!

I complete the derivation by showing that att50 M can
be taken out from under the derivatives. Integrating Eq.~51!
over V and using Gauss’s theorem gives

d

dtEV
T00d3x52 R

]V
T0id2Si . ~56!

Differentiating this result byt gives

d2

dt2EV
T00d3x52

d

dt R]V
T0id2Si . ~57!
4-8
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By precisely the same arguments given above, the RHS
these two equations vanish att50. Since the integral in both
left hand sides isC’s total massM, this demonstrates tha
Ṁ5M̈50 at t50. Of course this does not mean thatM is a
conserved quantity, only that it behaves asM (t50)
1O(t3) for short times. Substituting this result in Eq.~55!
and taking Eq.~50! into account gives att50

Z̈5
Q

M

e01~Z2z1!

uZ2z1u3
. ~58!

Thus in harmony with the WEP, the acceleration ofC’s
center of mass in the field of the distant chargee01 is fully
determined by its massM and total chargeQ, and is insen-
sitive to its structure~disposition of the member charge
their charge to mass ratios, etc.!. To reach this result the mas
M of C had to be identified with the integral ofT00 taken over
a finite, albeit large, region. This is a necessity in any situ
tion when the system of interest is not the only one in
universe; the same procedure would be required in any o
field theory. Another limitation of the approach is that res
~58! is rigorously valid only when all particles inC are as-
sumed to be at rest~thus the approach neglects purely ma
netic effects!. But intuitively the acceleration’s universalit
property should remain valid if all velocities are small a
spin magnetism is weak, as I indeed show in Secs. V B
VI B.

The results here concur with those reached by Land
Sisterna and Vucetich@19# on the basis of the THem formal-
ism, a nonrelativistic generic parametrized microscopic
scription of the gravitational, particle and electromagne
sectors of field theories. The authors find a connection
tween the lack of overall charge conservation and violati
of the WEP. Looking at the present framework in the light
experimental constraints on charge nonconservation, they
able to certify that WEP is respected to a fractional accur
~in the acceleration! ;10218, beyond the projected sensitiv
ity of WEP tests in the foreseeable future. Since charge c
servation is actually exact in the framework@see the com-
ments after Eq.~15!# the implication is actually stronger: n
WEP violations are expected, at least nonrelativistica
even when slow motion of charges is allowed.

There exist other possibilities for variability ofa by way
of a scalar field which do not run counter to the EDB expe
ments. Such is the supersymmetric grand unified theory
Chacko, Grojean and Perelstein@26#, according to which a
late epoch cosmological phase transition causes a jumpa
while generating a vacuum expectation value of the sc
field which makes it short ranged. Consequently, althoug
charged particle’s mass can be scalar field dependent,
does not lead to long range anomalous forces which wo
contradict the said experiments.

V. MACROSCOPIC DESCRIPTION OF ELECTRIC
STRUCTURE AND WEP

A virtue of the ‘‘proof’’ of the WEP in Sec. IV C is that it
does not require knowledge of the equations of motion
macroscopic matter@as opposed to the microscopic level E
12351
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~13!#. Its shortcomings are that it establishes the validity
the WEP only for brief time intervals after a putative quie
cent situation, and only when the magnetic structure of
systems involved is ignored. Both shortcomings will now
remedied. By averaging over microscopic quantities to p
duce a macroscopic~or continuum! version of the theory, I
show in Sec. V B that the WEP-breaking effects pointed
in Refs.@6,7,9–13# are ruled out if one is willing to assum
that a macroscopic chunk of matter moves according to
~13! with a natural definition ofm(c) obtained by macro-
scopic averaging. No short-times assumption is then ne
sary. And in Sec. VI B magnetic dipole structure of matter
incorporated into the arguments.

Sections III and IV describe matter microscopically, th
is as a collection of pointlike particlesi with definite charges
e0i ~some of which may be zero! and massesmi subject to
the relation~43!. One key assumption I make on the way
the macroscopic description is that the many charges solu
~45!,~46! remains valid, at least approximately, when the p
ticles move slowly. I define the spatial averageQ̄ of a quan-
tity Q as the integral ofQ over some macroscopic region o
volume V, all divided by V. In flat spacetime or in loca
Lorentz frames~assumed to be large enough to encomp
the said macroscopic region!, no ambiguity in this definition
arises from issues of parallel transport of vectors and
like.

Another assumption I make is that for a macroscopic t
bodyT of massm and chargeq moving on background sca
lar, Newtonian and electric fields,c̄,“fN and E ~all re-
garded as approximately uniform!, moves according to Eq
~13! @Eq. ~26! in the nonrelativistic case#:

mdv/dt52m“fN2~]mc2/]c̄!“c̄1qE. ~59!

The assumption would be a triviality but for the stipulatio
thatm(c̄) is to be identified with the macroscopic average
the total energy density inT multiplied by its volume. Evi-
dentlyq is to be interpreted as the sum of charges inT, while
E is the electric field determined from its sources by Eq.~37!
and averaged over the volume ofT. The only quantity which
requires special discussion is“c̄.

A. The Coulomb model for c̄

In the language of the present framework, Dicke’s arg
ment@6# amounts to assuming that the macroscopic fieldc̄ is
related to its sourceS via a macroscopic version of Eq.~38!
with the sum of (]mic

2/]c)d3(x2zi) replaced by 2zrc2,
wherez is the typical fraction of the source’s mass densityr
which is of Coulomb provenance. This comes from assum
that r}a}e2c̄. Now the second term in the square brack
in Eq. ~38! is, according to Appendix B, exactly twice th
density of electric energy, just as the former contributio
Hence in the Coulomb model for the source, Eq.~38! takes
the form

¹2c̄516pk2zrc25~ l /,P!2~z/pc2!4pGr. ~60!
4-9
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JACOB D. BEKENSTEIN PHYSICAL REVIEW D66, 123514 ~2002!
A likeness of this equation and/or its cosmological vers
reappears in subsequent treatments@9–11,13–18#.

The similarity of Eq.~60! with Poisson’s equation for the
Newtonian potential ofS, and the similarity between th
asymptotic boundary conditions onfN and c̄, permits the
identification

“c̄5~ l /,P!2~z/pc2!“fN . ~61!

Actually, in a nonspherical configuration the curl of som
vector may be added to the RHS; however, this ‘‘correctio
must decay asymptotically as 1/r 3 ~c.f. Ref. @27#, Appendix
A! and so should become irrelevant some distance outsidS.
Equation ~61! shows that“a/a5( l /,P)2(2z/pc2)“fN .
With l;,P this result is very much like Dicke’s conjecture
one@6# mentioned in Sec. I, except for the replacement oa
by 2z, which for ordinary matter is of the same order asa.

How does this all bear on the WEP? SupposeT moves in
the vicinity of S. In the Coulomb model one replace
(]mc2/]c) in the equation of motion forT, Eq. ~59!,
by 2z8mc2, wherez8 is now the Coulomb energy fraction o
mc2. With the replacement~61! this gives~in the absence o
other sources!

dv/dt52@11~ l /,P!2~2zz8/p!#“fN1qE, ~62!

a version of which first appeared in Ref.@9#. Now, as men-
tioned in Sec. I, for ordinary matterz is of order a few times
1023 and varies by about 1023 from material to material.
The latest EDB tests of WEP find thatdv/dt is z8 indepen-
dent to fractional accuracy 10213 @8#. This is consistent with
Eq. ~62! only if l is 1023,P or smaller. Because of this an
assumption~7! of the framework, I inclined in Ref.@9# to the
opinion that there is noa variability in nature~as would be
the case ifl[0, e.g. electrodynamics exactly Maxwellian!.

This was also the conclusion of Livio and Stiavelli@10#
who noted the difficulty in explaining the alleged cosmolo
cal a variability with l as small as 1023,P and the accepted
matter content of the universe. Olive and Pospelov@11# also
took cognizance of this problem; to solve it they propos
that the cosmological dark matter is much more stron
coupled to thec field than is ordinary matter. This woul
have the effect of counteracting the smallness ofl /,P in-
ferred from tests of the WEP. By contrast, Magueijo, Barr
and Sandvik@13# see no immediate strong contradiction b
tween the EDB experiments tests; they infer (l /,P)2'1024

from the claimed cosmologicala variability by assuming
that cosmological matterhasz'1. They further adopt, for
ordinary matter, the very low valuesz;z8;1024. However,
these run on the face of simple estimates from nuclear C
lomb energy~see Sec. V B 2!. There is thus a tension be
tween the claimed cosmologicala variability and the tests o
the WEP. In the next sections I show that the blame for
aboveimpasselies squarely with the misuse of the Coulom
model, there being no need to takel ,,P . When needed in
what follows I assumel is above,P and within an order of
magnitude of it.
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B. Coulomb energy and WEP violation

For a quick orientation one can describe the detailed e
tric structure of the sourceS of c̄ with the static electric
solution, Eqs.~39!,~45!, and~46!. One is thus neglecting ef
fects of internal motions and magnetic structure, both usu
minor complications for nonrelativistic sources of interest

I assume thatkuFu!1 everywhere and check this on
case-by-case basis. Then Taylor expanding both sides of
~45! and averaging as stipulated in the preamble of this s
tion gives

c̄'
1

2
k2F25

1

2
k2F̄21

1

2
k2~F2F̄!2. ~63!

Note that matter with electric structure causes the phys
a, which is proportional toe2c'112c, to be slightly
larger nearby than asymptotically~using the Coulomb mode
Refs. @13,14# predict an effect with the opposite sign an
much larger magnitude!. Now outsidea macroscopic source
S the fluctuation term here should be relatively small co
pared toF̄2, except in rather artificial situations whereF̄
very nearly vanishes~the net charge and some higher mul
poles are exactly zero!. The latter are not important in ou
context, so henceforth I shall drop the fluctuation and wr
just F for F̄.

1. Natural sources of gravity andc̄

First I look at natural sources ofc̄, e.g. the Sun and Earth
in the EDB experiments. UnlessS is ~almost! exactly neu-
tral, F is dominated by its monopole part. For examp
Earth is known to bear a net charge at any time. Thus fo
quasispherical sourceF'Qr21 andu“c̄u'k2Q2r 23 at dis-
tancer 5ur u from the source’s center.

There is a natural bound onQ if the source, a natural large
object like the Sun or Earth, is to be quiescent:uQu
,GMmp /e0p , whereM is S’s mass, andmp and e0p the
proton’s mass and charge, respectively. For ifQ
.GMmp /e0p , the source’s electric field can drive away an
free protons formed nearby by, say, cosmic ray ionization
hydrogen even against the pull of gravity, whileS captures
the electron and so decreasesQ. And if Q,2GMmp /e0p ,
S can certainly drive away the free electrons, capture
protons and so decreaseuQu. ~In the above argument it is
important thate2c'1 by assumption, soE'2“F.!

In view of the restriction onQ,

kuFu,S 1

4pa D 1/2S l

,P
D ,P

lp

GM

c2r

u“c̄u,
1

4pac2 S l

,P
D 2S ,P

lp
D 2 GM

r 2

GM

c2r
~64!

where a5e0p
2 /\c'0.0073 andlp5\/mpc'2310214 cm

is the proton’s Compton length. ObviouslyGM/c2r ,1 be-
cause the source is not a black hole. It follows thatkuFu
,3310219( l /,P)!1, thus verifying the initial assumption
Further, GM/r 2'u“fNu. Thus u“c̄u is a fraction 2.2
4-10
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310237 z21 or smaller of the Coulomb model predictio
~61!. In view of Eq. ~62!, violations of the WEP reflecting
S’s electric structure show up only at acceleration fractio
level 10240( l /,P)2 or smaller.~In light of the conclusions of
Secs. III B and IV C, the tiny residual WEP violation her
and similar ones below, may well be artifacts of the mac
scopic averaging procedure.! As mentioned already the ex
tant laboratory EDB experiments are sensitive only to ac
eration fractional differences at the level of 10213. The
planned satellite borne STEP experiments are projected t
sensitive only at the level 10218.

What if S is nearly neutral, so thatF is dominated by its
dipole momentp:F'p•r r 23. In that caseupu should be on
the order of the radiusR of S times a typical separate
chargeuQsu. The magnitudes of the charges6Qs , which
pictorially reside on opposite polar caps ofS, are restricted
by the same inequality as the monopole charge above.
erwise, free electrons near the negative polar cap would
driven away against gravity and conveyed by the dipole fi
to the positive cap, thus helping to diminishupu. Repeating
the above argument one finds the expressions forkuFu and
u“c̄u to be similar to those in Eqs.~64! but each with an
extra factor (R/r )2,1. ThuskuFu!1 is still satisfied, and
the failure of the Coulomb model is accentuated. Eviden
higher multipoles do not offer a way out of the conclusi
that the Coulomb model is very far off the mark. Eviden
laboratory and space tests are far from sensitive to violat
of the WEP coming from the electric structure of the sour
of gravity.

2. Laboratory sources of gravity andc̄

But what if the sourceS is not a gravitating body in the
dirty interplanetary environment, but rather a mundane b
in a clean laboratory where its charge does not immedia
get neutralized ? Would the Coulomb model apply then?
example might be furnished by a lead sphere of radiusR.
Again Eq.~63! tells us that if the sphere holds chargeQ, then
outside itu“c̄u'k2Q2r 23,k2(Q2/R)r 22. The factorQ2/R
is twice the formal Coulomb energy associated with the
chargeQ. How big canQ be here? Unless the sphere is in
evacuated cell~which procedure can buy us a few orders
magnitude in the discouraging results below!, it can only be
charged until its surface electric field reaches the air bre
down level,;33104 V/cm513102 esu. At that point the
sphere is atF;13102 esuR. According to Eq. ~9!, k
'8.11310226 esu. Thus indeedkuFu!1, as assumed. In
said state the sphere holds;13102 esuR2 of free charge,
and thus twice its macroscopic Coulomb energy is;1
3104 erg/cm3 R3. Hence

u“c̄u,13104 erg/cm3 k2R3r 22. ~65!

By contrast, in the Coulomb model Eq.~60! would predict

u“c̄u54k2@z~4pR3/3!rc2#r 22, ~66!

with the square brackets recognizable as themicroscopic
level Coulomb energy. Being lead (r51.133101 g/cm3 and
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mass number 207.2! the sphere contains ;1.38
31023/cm3R3 Pb nuclei; each contributes;795 MeV of
Coulomb energy @29# for a total of ;1.75
31020 erg/cm3 R3. Thus in the present example the tru
u“c̄u, Eq.~65!, amounts to a fraction 1.4310217 of the Cou-
lomb model prediction, independent ofR. In this case also
the Coulomb model yields a resounding overestimate.
view of Eq.~62!, violations of the WEP for test body motio
subject only to the field of a macroscopically charged lab
ratory sized object are at a fractional level 10223( l /,P)2.
But this fraction is actually suppressed to 10231( l /,P)2 be-
causeS’s gravitational field is diluted by a factor 108 by
Earth’s gravitational field~for this calculation I takeS’s mass
to be 106 g). Thus the WEP violation considered here is w
below the sensitivity of the laboratory EDB experimen
The planned STEP experiments are irrelevant in this con
because they do not include their own source ofc̄.

The prospects for WEP violation improve substantia
when macroscopically charged sources in the laboratory
replaced by macroscopically polarized ones in Earth’s o
~an extension of the STEP experiment which is planned
carry only test objects!. A good example is a sphere of radiu
R made of ferroelectric material. In a ferroelectic there
spontaneous alignment of the molecular electric dipoles
that a macroscopic polarization vectorP appears. Thus in Eq
~63! F'(4pR3/3)P•r r 23. A good estimate of the maxi
mum uPu is one elementary dipolee0pd per molecular vol-
ume d3. With d;1027 cm this works out to uPu,4.8
3104 esu. Indeed PbTiO3, a ferroelectric with one of the
largest measured polarizations, showsuPu;1.53105 esu
@30#. Given that r .R, one finds kuFu
,(4p)21/2a1/2lRd22. With R;102 cm this bound is below
10218( l /,P), small as originally assumed.

Using Eq.~63! one estimates

u“c̄u'4k2~R/r !3@~4pR3/3!P2#r 22. ~67!

Equation~67! exhibits an energyP2d3,(e0pd)2/d3 ~perhaps
tens of eV per molecule! where the Coulomb model’s est
mate~66! exhibits instead a nuclear Coulomb energy of te
or a few hundred MeV per nucleus~of which there are a few
per molecule!. Thus the trueu“c̄u is a fraction,1027(R/r )3

of the Coulomb model prediction. Hence, if it were possib
to accurately measureT ’s acceleration atr;10R from S, the
ferroelectric would cause WEP violations at the fraction
level ,10216( l /,P)2 or smaller. This is within the projected
sensitivity of the STEP experiments~which, however, will
not carry aloft sources ofc̄). But because theelectric field
near a ferroelectric is very strong, on the ord
108(R/r )3 V/cm for PbTiO3, it would probably prove nec-
essary to work at considerably smallerR/r to avoid electric
perturbations ofT. The WEP violation would then mos
surely become unobservable at the projected STEP sens
ity.

To sum up this section, there are no clear cases wh
extant or planned tests of the WEP are expected to de
violations connected witha variability which originate in the
electric structure of matter. But a STEP-like experime
4-11
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JACOB D. BEKENSTEIN PHYSICAL REVIEW D66, 123514 ~2002!
based on a massive ferroelectric source ofc̄ field in Earth’s
orbit would be a step closer for detection of WEP violati
arising froma variability.

C. Why does the Coulomb model fail so badly?

Why is the Coulomb model recapitulated in Sec. V
with its seemingly unassailable logic, so inaccurate? The
swer to this puzzle hinges on a peculiar cancellation wh
parallels that which facilitated the passage from the com
cated Eq.~26! to the simple Eq.~27! in the context of one
charged particle. I now explain with the help of macrosco
averaging.

In S each microscopic particle’s mass is subject to E
~43!. Therefore, macroscopic averaging of Eq.~38! for c
entails the replacement

(
i

]mic
2

]c
d3~x2zi !

→2
1

VEV
d3x(

i PV
k21e0i tan@kF~zi !#d

3~x2zi !

'2
1

V (
i PV

e0iF~zi ! ~68!

where the approximation uses the fact~Sec. III C! that at the
microscopic levelkuFu!1, even near a charge, to disca
terms ofO(k3F3). Note that this expression isminustwice
the formal microscopic Coulomb energy density inS; the
sign is opposite that expected from the logic of the Coulo
model.

Next one needs the macroscopic average ofe22cE2 in
S. In the above-mentioned approximation Eq.~46!,
E52e2c

“F, gives with Eq. ~45!, e2c'11k2F21•••,
that

1

4p
e22cE2→ 1

4pVEV
d3x@~“F!21k2F2E2#

5
1

V (
i PV

e0iF~zi !2
1

4pV F R
]V

FE•ds

2k2E
V
d3x F2E2G . ~69!

The second form comes from integrating the (“F)2 with the
help of Gauss’ theorem and employing Eq.~40!.

Note that the aforementioned microscopic Coulomb
ergy density term cancels out from the combined contri
tions ~68! and ~69!. One term that survives is thesurface
integral overFE. To estimate it recall that if]V is pushed
outward somewhat,F on it becomes largely immune to fluc
tuations from individual charges composingS. Roughly,
then, by Gauss’s electric law the surface term in Eq.~69! is,
V 21^F&( i PVe0i where ^F& is an average ofF over the
surface. But this expression is on the order of the Coulo
energy per unit volume associated with thenet freecharge
contained inV. And we have seen by example in Sec. V B
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that this last energy is much smaller than its microsco
counterpartV 21( i PVe0iF(zi).

What about thek2F2E2 integral in Eq.~69!? LetL be the
smallest microscopic length scale on whichF varies, e.g.
10213 cm if we think of nucleons as the smallest constit
ents, and perhaps 10217 cm if quarks and electrons are con
sidered in their stead~already in orthodox quantum electro
dynamics, their electric fields are not scale-free coulomb!.
Then one expects the maximumuFu to be no larger than a
unit charge divided byL. Hence on the the averag
k2F2E2/4p is bounded bya( l /L)2 times the average micro
scopic Coulomb energy densityE2/4p. This source ofc̄ is a
fraction ,10234( l /,P)2 of that assumed in the Coulom
model. It is thus amply clear how the cancellation of Co
lomb energy source terms in the equation forc̄ causes the
Coulomb model to grievously overestimateu“c̄u.

VI. MAGNETIC STRUCTURE AND WEP

In ordinary matter, the next largest energy to Coulom
energy is energy of the magnetic dipoles associated with
and orbital angular momentum of nuclei and electrons. M
netic energy has so far been ignored here. Equation~38! is
missing the magnetic part of the terme22c f mn f mn in the
original scalar equation~16!. And in Sec. V C magnetic con
tributions have been left out of the mass term in Eq.~68!.
Now that it is clear that Coulomb contributions are well nig
irrelevant as sources ofc̄, it is mandatory to take into ac
count the purely magnetic contributions.

A. Magnetic monopoles: a shortcut to dipoles

It is a hard task to directly find the analog of the mul
charge exact solution~45!, ~46! for a collection of magnetic
dipoles. But as the example of Sec. V C makes clear, this
solution is essential to derive the correct macroscopic fo
of the mass term in the source of Eq.~38! for c. To over-
come the problem I first find the analog of Eqs.~45!,~46! for
a collection of magneticmonopolesof strengthsg0i , i
51,2, . . . 2N, and then let pairs of equal and opposite
charged monopoles merge to form magnetic dipoles. T
monopoles serve as a calculational crutch here and in
next section; they disappear from the final results.

With the notationB[$ f 23, f 31, f 12% I first replace Eqs.
~37!,~38! by

“3~e22cB!50 ~70!

“•B54p(
i

g0id
3~x2zi ! ~71!

¹2c54pk2F(
i

]mic
2

]c
d3~x2zi !2

1

4p
e22cB2G . ~72!

Equation~70! is the space-space component of the Maxwe
type Eq.~14! in a local Lorentz frame and with current an
time derivatives set to zero. Equation~71! does not come
4-12
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from the action~7!, but rather generalizes the Gauss law“
•B50 ~which follows—also in variablea theory—from the
representation ofB as a curl! to the case that there are ma
netic monopoles present. This is the argument fornot includ-
ing a factore22c in Eq. ~71!. Finally, Eq.~72! is the scalar
equation~16! in a local Lorentz frame with electric field an
time derivatives dropped.

It is not possible here, in light of Eq.~71!, to use a vector
potential forB; however, the field can be written in terms
a scalar potential~its force on a monopole should be conse
vative!:

B52“C. ~73!

It follows from Eq. ~71! and the reasonable boundary con
tion C(x)→0 asuxu→` that

C~x!5(
i

g0i

ux2zi u
. ~74!

Equation~70! now givese22c
“c3“C50 which uniquely

implies thatc5c„C(x)…. Finally, taking the Laplacian o
this last relation gives

¹2c5c8¹2C1c9~“C!2524pc8(
i

g0id
3~x2zi !

1c9B2. ~75!

Comparison of the second part of Eq.~75! and Eq.~72!
gives

c952k2e22c ~76!

k2~]mic
2/]c!52g0ic8 at x5zi . ~77!

The first of these integrates to

c825k2~e22c1Ã̃! ~78!

with Ã̃ a constant. All the solutions of this equations may
obtained as in Appendix A:

ec5H 6~kC1x̃ !, Ã̃50,

6Ã̃21/2sinh~Ã̃1/2kC1x̃ !, Ã̃.0

uÃ̃u21/2cos~ uÃ̃u1/2kC1x̃ !, Ã̃,0

~79!

with x̃ a second integration constant.
Because we made no guesses oransatzealong the way to

Eqs. ~79!, these last together with Eqs.~73! and ~74! must
exhaust the solutions of Eqs.~70!–~72! with boundary con-
ditions C(x)→0 as uxu→0. In this connection it is appro
priate to remark that the substitutione2cB°E followed by
c°2c andg0i°e0i , transform the magnetic solution~73!,
~74! together with each of the five variants in Eq.~79! into
one of the five variants of the electric solution~41!,~42! of
Sec. IV A. A similar transformation maps each electric so
tion back onto a magnetic solution. The one-to-one co
spondence between magnetic and electric solutions refl
duality symmetry of thea variability framework. Since all
12351
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time-independent magnetic solutions have been found,
principle of duality assures us that all time-independent e
tric solutions have been found as well.

Also by duality, the magnetic solution withÃ̃,0, which
is dual to the physical electric solution (Ã,0), must be
regarded as the physical choice. In fact, if invoking by no
well worn arguments, we setÃ̃521 and x̃50, that solu-
tion is consistent with the reasonable boundary conditionc

→0 asuxu→`, whereas the solutions withÃ̃>0 cannot be
made so. Thus the unique physical solution for a collect
of magnetic monopoles at rest is given by Eqs.~73! together
with

ec5cos~kC! ~80!

B52“C. ~81!

B. Magnetic dipoles as source ofc̄

Returning to our main subject, magnetic dipole energ
imagine that the monopole labeled byi 1N has magnetic
charge2g0i , and denote the vector from monopolei 1N to
monopolei by d. Then if as the pair are allowed to approa
each other adiabatically,ug0i u is made to grow in such a wa
that g0id→mÞ0 in the limit, a point magnetic dipole is
formed. It possesses magnetic momentm and may be labeled
by i. I still refer to its position aszi .

The total magnetic potential is

C5 lim
udu→0

(
i 51

N F g0i

ux2zi2d/2u
1

2g0i

ux2zi1d/2uG
5(

i 51

N
mi•~x2zi !

ux2zi u3
. ~82!

Thus ec is explicitly known from Eq.~81!. Performing the
gradient in Eq.~81! gives for the field of the dipole,

B5(
i 51

N F3m•~x2zi !~x2zi !

ux2zi u5
2

m

ux2zi u3
G . ~83!

This coincides~apart from the singularities atx5zi) with the
Maxwellian expression for the field of an array of magne
dipoles derived from the vector potential@28#. It seems rea-
sonable that were magnetic dipoles to be represented by
current loops, the field would still be Eq.~83!. Equations
~80!–~82! thus represent the multimagnetic dipoles soluti
within the framework.

What is the source term in the equation forc for matter
made exclusively of magnetic dipoles? From Eq.~80! it fol-
lows that

¹2c5k tan~kC!“•B2k2sec2~kC!B2. ~84!

It is easy to verify, for example by applying Gauss’s theore
to Eq. ~83!, that “•B vanishes everywhere, and has n
d-function singularity at the position of a dipole. Sinc
sec2(kC)5e22c, comparison of the last result with Eq.~72!
4-13
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JACOB D. BEKENSTEIN PHYSICAL REVIEW D66, 123514 ~2002!
shows that the mass-dependent source term is absen
magnetic dipoles. It is easy to get a wrong answer in t
respect, for example, by trying to combine the ma
dependent terms of the positive and negative polesbefore
taking the limit udu→0. Since the mass-dependent sou
term would arise naturally from the action, the conclusi
must be that the mass of a pointlike magnetic dipole, un
that of a pointlike charge, does not depend onc.

An immediate consequence is that a magnetic dipole
ment in an exterior electromagnetic field is not subject to
anomalous force of the sort appearing for an electric cha
cf. Eq. ~26!. The only force would be the usual (m•“)B
obtainable in our context by combining the forces on t
magnetic poles. All this means that no violations of the W
are expected in the motion of matter with pure magne
dipole structure; it is unnecessary in this connection to ca
out the analog of the calculation in Secs. IV B and IV C.

But does a sourceS with purely magnetic dipole structur
cause WEP violations in the motion of a test bodyT made up
of electric charges? In analogy with the argument in S
V B it follows from Eq. ~80! that

c̄'2
1

2
k2C252

1

2
k2C̄22

1

2
k2~C2C̄!2. ~85!

Contrary to what happens in the presence of a source
electric structure, cf. Sec. V B, here the physicala has its
value slightlydepressedin relation to the asymptotic value
As in Sec. V B,outsidea macroscopic sourceS, the fluctua-
tion term should be relatively small compared toC̄2, except
in rather artificial situations whereC̄ vanishes (S has no net
magnetic moment!. The latter are not important in our con
text, so henceforth I shall drop the fluctuation and write j
C for C̄.

SupposingS to be a sphere with uniform magnetizatio
M , C in Eq. ~82! is well approximated at distancer @R
from the sphere’s center by (4pR3/3)M•r r 23. Then

u“c̄u'4k2~R/r !3@~4pR3/3!M2#r 22. ~86!

If Earth is the sourceS, its crudely dipolar magnetic field
~;0.25 G at the magnetic poles! allows its representation b
a uniformly magnetized sphere withuM u;331022 cgs@28#.
The energy represented by the square brackets in Eq.~86!,
;9.731023 erg, is a fraction;10222 of the corresponding
factor in Eq.~66! for the Coulomb model~I takez51023 for
Earth!. Hence Earth, by virtue of its magnetic structur
causes WEP violations at the fractional level 10228( l /,)2,
well beyond anything measurable in the foreseeable futu

Another example ofS is furnished by a ferromagneti
sphere. Iron, one of the ferromagnets with the highest s
ration magnetization, can reachuM u'1.73103 cgs@30#. The
energy in the square brackets in Eq.~86! is then '1.2
3107 erg/cm3 R3. Being iron (r57.87 g/cm3 and mass
number 55.84! the sphere contains;3.5531023/cm3R3 Fe
nuclei; each contributes;125 MeV of Coulomb energy@29#

for a total of;7.1131019 erg/cm3 R3. Thus the trueu“c̄u,
Eq. ~86!, amounts to a fraction 1.7310213(R/r )3 of the Cou-
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lomb model prediction. It follows that a ferromagnet
source ofc̄ in orbit would cause WEP violations at a frac
tional level well below 10219. This is beyond the projected
STEP sensitivity~and, of course, the STEP experiment w
not carry the equivalent ofS).

To be sure the above procedure is a bit cavalier. The e
solution~80!–~82! which forms the ultimate basis of the ca
culation contains no electric charges, while Earth and i
have plenty of them. But this defect is not serious. Letc
[ce(F)1cm(C) with cm the functionc(C) in Eq. ~80!
and ce the c(F) defined by Eq.~45! for the collection of
electric charges. Then the electric fieldE in Eq. ~46! solves
the Gauss equation~37!, to within a relative correction of
O(cm), and is a gradient. Likewise, the magnetic fieldB
@Eq. ~83!# deriving fromC in Eq. ~82! satisfies, to within a
fractional correction ofO(ce), the Ampere-like Eq.~70!,
and is also divergence free~Gauss’s magnetic equation!.

Further, adding Eq.~38! for ce to Eq. ~72! ~without the
mass term! for cm gives, to within fractional corrections o
O(ce) and O(cm), the correct equation for the fullc rel-
evant for a collection of chargesand magnetic dipoles, cf.
Eq. ~16!:

¹2c54pk2F(
i

]mic
2

]c
d3~x2zi !1

1

4p
e22c~E22B2!G .

~87!

The sum here extends only over electric charges. Plainly
electric and magnetic contributions toc are additive~be-
causeuceu!1 and ucmu!1). Thus the correctc̄ to use for
real matter~charges plus magnetic dipoles! is, not that in Eq.
~85!, but rather

c̄'
1

2
k2~F̄22C̄2!. ~88!

In view of this composition rule, the results of Sec. VI
that WEP violations originating fromcm will be unobserv-
able for the foreseeable future, together with those of S
V B that effects coming fromce have the same status, sho
there are no clear cases where extant or planned tests o
WEP are expected to detect violations connected witha
variability. Still outstanding is the question whether motio
of charges or dipoles in matter—totally ignored in th
paper—could provide a loophole from this conclusion.

VII. RESOLVING A COSMOLOGICAL CONUNDRUM

The cosmological evolution ofa according to the frame-
work is influenced by the nature ofc ’s source and by a
certain integration constanttC ~a cosmological time scale!
@9#. If the source is described with the Coulomb model a
plied to ordinary matter of cosmological abundances, and
appealing choicetC50 is made, thena is predicted tode-
creasethroughout the matter dominated era@9,11,14#. The
claimed cosmological rise ofa @1# thus led Olive and
Pospelov@11# and Barrow, Sandvik and Magueijo@16# to
conclude that the scalar field is coupled mostly to dark m
ter with a coupling opposite in sign to the naive one.
4-14
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quote Ref.@16#, ‘‘ . . . the dark matter constituents have
have a high magnetostatic energy content~one possible con-
tender would be superconducting cosmic strings which h
z'21)’’; as clear from Eq.~87!, magnetic fields are source
of c with effectively negativez.

Arguably the mentioned resolution of the cosmologic
conundrum amounts to trading one cosmic mystery~growing
a) for another~dark matter with especially unusual electr
magnetic properties!. A much more natural solution is of
fered by the realization~see Sec. V C! that the Coulomb
energy cancels from the source term ofc ’s equation. This
should also be true for cosmological baryonic matter beca
one can think of each small region of the cosmological m
dium as being at rest in a local Lorentz frame. Consequen
the source ofc ’s cosmological evolution is principally the
B2 term contributed by matter’s magnetic dipoles to the c
mological version of Eq.~87!. @By Sec. VI B the mass term
in Eq. ~16! is absent for magnetic dipoles, thermal radiati
does not contribute at all becauseE22B2 vanishes for elec-
tromagnetic radiation@9#, and cosmological magnetic field
are too weak to make a difference.# Thus the switch in sign
of the source term required by the claimed cosmological
crease ofa comes about automatically by considering t
magnetostatic energy of baryonic cosmological matter. A
show now, the rate at whicha grows also comes out of th
right order without special assumptions.

For cosmologicala variability the interesting field isc̄.
As already discussed, it will obey an equation like~16! but
with the source averaged over a macroscopic region. T
average magnetic energy density is easiest evaluated by
computing the magnetic energy associated with a given m
of cosmological matter.

Now in baryonic matter the magnetic energy is principa
tied to the protons’ and electrons’ magnetic moments (4He
nuclei have no magnetic moment!. A lower bound on~and a
passably good estimate for! the magnetic energyEp of the
proton should result from regarding it as a perfect magn
dipole and ignoring the energy interior to the proton rad
Rp . IntegratingB2/8p ~cf. the electric energy in Appendix
B! with B in Eq. ~83! over the space outsideRp gives Ep

*m2/3Rp
3 . Now for the protonm52.983e\/2mpc @29#,

whereasRp'5.7(\/mpc). Thus Ep*2.5431025mpc2. For
the electronm5e\/2mec. In view of the Zitterbewegung
phenomenon is seems reasonable to integrate the mag
energy of the dipole field only down to the Compton leng
\/mec. Doing this as in the proton calculation givesEe
*6.131024mec

2. Other magnetic energies, e.g. those co
nected with spin-orbit and hyperfine splittings, are small
the Bohr scalea2mec

2, and thus negligible here.
In the context of a matter-dominated Robertson-Wal

expanding model~with no cosmological constant and n
glecting c ’s effect on the expansion as appropriate at l
cosmological time!, one can use Eq.~31! of Ref. @9# for the
rate of change ofa:

ȧ/a52~3/4p!~ l /,P!2z VbH2t. ~89!

HereH is the Hubble ‘‘constant’’ at cosmological timet, Vb
the baryon density parameter anduzu the fraction of the cos-
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mic baryon mass densityrb which acts as source ofc̄ ~here
z,0). Now 23% ofrb consists of 4He. From the above
results the magnetic energydensityfrom helium’s two elec-
trons, and the protons and electrons from hydrogen, w
appropriately weighted by their cosmic abundances, isEm
*1.9831025rbc2, meaning thatz&21.9831025. With
Ht52/3 ~matter domination! and today’s favorite valueVb
50.03, Eq.~89! predicts

ȧ/a*631028~ l /,P!2t21. ~90!

As advertised,a is predicted to increase with time. I
order for its overall fractional change over the last 1010 y to
match the observed 0.731025, it is necessary thatl
&10,P . This is a reasonable value consistent with t
framework’s assumptions and with all tests of the WEP~see
Secs. V B and VI B!. Hence nothing but baryonic matter
necessary to explain the claimed cosmological sense and
of a variation. Were this last to be ruled out by future obs
vations, one would have to conclude thatl is smaller than
mentioned. Within the spirit of the framework anl much
below ,P is unacceptable, and so one can risk a flat pred
tion that in recent epochstȧ/a.1028. Observational exclu-
sion of this bound would be tantamount to certifying th
standard Maxwellian electrodynamics~the casel[0) is the
exact classical description of electromagnetism.

VIII. CONCLUSIONS AND CAVEATS

The issue ofa variability has long been connected wit
the possibility of weak equivalence principle violations com
ing from the classical Coulomb energy contribution to p
ticle masses. The central conclusion of this paper is tha
the general framework fora variability described in Ref.@9#,
a compensating mechanism exists which prevents such
lations from being measurable, at least in the foreseea
future. The treatment has been classical or tree level. Qu
tum considerations raise a potential problem for this kind
theory.

Banks, Dine and Douglas@31# have argued that in a
theory where a scalar field couples to the electromagn
scalar f mn f mn, as in the action~7!, the residual vacuum en
ergy of matter fields is very much larger than the observ
cosmological constant unless the parameters are finely tu
Recall that even with no scalar coupling the vacuum ene
is known to be formally very large. But it is widely believe
that some as yet ill understood mechanism nearly cance
Reference@31# points out that because of the variation of t
scalar field required for the suggested explanation of cos
logical a variation to work, this cancellation can be succe
ful only over a very short interval of cosmological time, wit
the residual vacuum energy becoming intolerably large e
lier and thereafter.

In light of this argument, can a theory like the framewo
used here be taken seriously? One has to recall that the a
said criticism presupposes the existence of a cancellatio
the vacuum energy by a mechanism whose nature is not
erally agreed upon today. One can well imagine that wh
that mystery is lifted, a resolution for the problem of th
4-15
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large variation of the residual vacuum energy with the sca
field might also become apparent. At any rate, it is prema
to draw any final conclusions at this stage since the prob
remarked upon in Ref.@31# is an integral part of the unsolve
mystery of the small cosmological constant.
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APPENDIX A: SOLUTIONS FOR c

For Ã50 take a square root of Eq.~24! to get

e2cc856k ~A1!

which may immediately be integrated to

ec57~kV1x!21 ~A2!

with x a constant.
For ÃÞ0 setc5 ln y11

2lnuÃu. Then after taking a squar
root, Eq.~24! transforms into

dy

yAy211•sgn~Ã!
56uÃu1/2k dV. ~A3!

In the caseÃ.0 the LHS of this last equation is the diffe
ential of arccsch(y) @the upper~lower! signs corresponding
to negative~positive! y]. Thus

y56csch~Ã1/2kV1x!. ~A4!

In the caseÃ,0 the LHS of Eq.~A3! is the differential
of arcsec(y) for either sign of y. Thus since sec(6y)
5sec(y),

ec5H 6~kF1x!21, Ã50,

6AÃ csch~AÃ kF1x!, Ã.0,

AuÃusec~AuÃukF1x!, Ã,0.

~A5!

APPENDIX B: APPLICABILITY OF THE
REISSNER-NORDSTRÖM METRIC

Here I focus on an elementary charge. To assess the
rections to the metric coming from the scalar field I wr
down the energy-momentum tensor contributions fromc and
f mn in curved spacetime in accordance with Eqs.~6! and~7!:

T(c)
n
m5

1

4pk2S c ,
mc ,n2

1

2
gn

mc ,
ac ,aD ~B1!

T( f )
m

n5
e22c

4p S f ma f na2
1

4
gn

m f ab f abD . ~B2!

In either tensor energy densities and stresses have the
magnitudes for a spherical static solution for which neces
12351
r
re
m

,
s
y

was
n-

or-

me
r-

ily c ,r and f tr are the only surviving components ofc ,m and
f mn, respectively!. In the weak gravity region (r @R) one
may use Eq.~20!, the fact that“c5c8“F and Eq.~33!
~with x50) to get for the said solution

uT(c)
n
mu

uT( f )
n
mu

5k22c82e2c5sec2kF tan2kF. ~B3!

T(c)
n
m is thus negligible compared toT( f )

n
m all the way in to a

radius where uFu is no longer small compared t
p3/2(\c)1/2l 21. According to Sec. III C the said radius rep
resents the smallest possible extension of the charge. He
unless the charge is as compact as permitted, one can
sistently neglectT(c)

n
m in the above equations over the enti

charge’s exterior, and can do so over most of the exterio
the compact charge case.

A look at Eq. ~21! shows thatf tr here ise2c times its
Maxwellian counterpartc“F. Hence, T( f )

n
m here differs

from the pure Maxwellian energy momentum tensor also
a factore2c5sec2kF, which is very close to unity all the
way in to the radius mentioned above. Thus the Maxwell
energy momentum tensor replaces the fullTn

m throughout the
whole exterior of a not maximally compact charge, a
throughout most of it for a compact charge. As a con
quence the Reissner-Nordstro¨m metric~35! is rather accurate
outside the charge.

APPENDIX C: THE MASS FUNCTION

What can be said about spatial variation of masses
electrically charged particles through their dependence onc?
For simplicity of notation I focus on that of charge 1 in th
cluster discussed in Sec. IV B. I first rewrite Eq.~43! with
the help of Eq.~45! as

~]m1c2/]F!52e01tan2~kF!. ~C1!

Evidently F here means the value of the potential~39!
evaluated at the position of charge 1, and of course
potential is large there~not infinite, though, since as men
tioned in Sec. IV B, charges cannot be exact points in t
framework!. The equation refers to thechangeof m1 result-
ing from the localchangeof F which might be due, for
example, to the other charges being moved around~adiabati-
cally!.

Proceeding purely formally I use the fact thatd tanx/dx
511tan2x to integrate Eq.~C1!:

m1c25m01c
21e01@F2k21tan~kF!#. ~C2!

Herem01 is a constant of integration. It is clear from this th
m1 is invariant under conjugation ofall charges, as would be
expected byC invariance of the electromagnetic interactio
although the framework’s assumptions require onlyT invari-
ance, the theory’s action~6!–~8! is actually C invariant as
4-16
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well. According to Eq. ~33!, kF5arcsecec; since
tan2(kF)5sec2(kF)21 one has

m1c25m01c
21k21e01~arcsecec2Ae2c21!. ~C3!

The appropriateness of choosing the shown sign of
square root is verified by differentiatingm1(c) and compar-
ing the result with Eqs.~43! and ~33!. The opposite sign is
excluded on this ground.

As anticipated, the space-dependent contribution tom1 is
not proportional toe0i

2 e2c as would be assumed in the Co
lomb model.

Unfortunately, Eqs.~C2! and ~C3! are not immediately
useful; they contain a contribution from the self-potential
particle 1 or from its self-c field. If there were no other
charges in the universe, one would expectm1 to subsume
these contributions. Absorbing the self-terms of Eq.~C2! into
m01 gives

m1c25m01c
21e01$F i .12k21@ tan~kF!2tan~kF i 51!#%.

~C4!

The identity (tanx2tany)cosxcosy5sin(x2y) allows us to
rewrite this as

m1c25m01c
21e01@F i .12k21A sin~kF i .1!# ~C5!
r,

.

al

k,

tt
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e
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where A[sec(kF i 51)sec(kF) is evaluated at particle 1’s
center.

Quite genericallykuF i .1u!1. This merely requires tha
the overall sizeR̃ of the cluster of chargesi 52,3, . . . , and
its overall chargesans e01, Q̃, satisfy

R̃@p23/2~Q̃2/\c!1/2~ l /,P!,P ~C6!

which is easily met by nucleons, nuclei, ions and mac
scopic charged objects. One expects charge 1 to be relat
more compact so thatuF i 51u@uF i .1u. In this case Taylor
expandingA to first order inkF i .1 as well as sin(kFi.1) to
second order converts Eq.~C5! into

m1c25m01c
22e01sec2~kF i 51!3@sin2~kF i 51!F i .1

1ktan~kF i 51!F i .1
2 1O~F i .1

3 !#. ~C7!

With the possible exclusion of the ‘‘point’’ leptons an
quarks, even elementary particles are much more exten
than the bound~34!; thus kuF i 51u!1. Hence the variable
part ofm1 is generally very small compared to the Coulom
potential energy of that charge in the cluster,e01F i .1, and of
opposite sign.
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