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On the Theory of Helix-Coil Transition in Polypeptides*
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The evaluation of the configurational partition function of a polypeptide molecule, with the internal
rotation angles as variables, leads to an improved treatment of the phenomenon of helix-coil transition in
polypeptide molecules. The conditional probabilities of occurrence of helical and coiled states of the peptide
units are obtained in the form of a 3X3 matrix. The order of this matrix is the lowest possible for the model
employed, and is derived by a logical procedure which serves to eliminate redundancies in the enumeration
of states. The eigenvalues of this matrix yield the various molecular averages as functions of the degree of
polymerization, temperature, and molecular constants. Explicit formulas are given for the degree of intra-
molecular hydrogen bonding, average number of helical sequences, and the distribution of their lengths,
as well as the number average and the weight average of these lengths.

INTRODUCTION

HE statistical thermodynamics of the helix-coil

transition in polypeptide chains has been studied
extensively in recent years by a number of authors,
In the present paper we propose a solution of the same
problem from a different point of view, by applying the
internal rotation angles of the polypeptide chain mole-
cule as the variables which determine the microscopic
configurations of the molecule. A comparison of the
other theories with the present treatment will show
that the latter, being more rigorous, improves upon the
former, and yet, in a sense, it is simpler. Like Zimm and
Bragg,* we apply a matrix representation of the parti-
tion function, from which the degree of helicity and
other related quantities are calculated. Our choice of
the matrix elements is, however, different. Zimm and
Bragg,* as well as Gibbs and DiMarzio® and Nagai ?
consider the probability that a chain element is hydro-
gen bonded as being dependent on the state of the
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neighboring chain elements, but assume that the
probability of a chain element being nonbonded is
independent of the state of its neighbors. However,
the probability of a chain element being nonbonded is
actually smaller if its two neighbors are bonded than
if they are not. Although the effect of that assumption
on the final results might be small in many cases, it is
not always negligible. Moreover, it appears that while
eliminating this assumption, the order of the matrix
of conditional probabilities can be reduced from eight
in the theory of Zimm and Bragg, to three in our present
treatment. This simplification makes it possible to
calculate the various molecular averages of interest in
terms of all three eigenvalues of the probability matrix
and their corresponding eigenvectors. Thus, one
obtains a solution to the polypeptide helix-coil transi-
tion problem for low as well as intermediate molecular
weights, and a clearer insight into the effect of the
various eigenvalues on the quasi-phase-transition in
finite, one-dimensional systems.

CONFIGURATIONAL PARTITION FUNCTION

We consider a chain molecule of #+2 peptide units
(amino acid residues), embedded in a solvent. The units
are numbered, 0, 1, -+, 7, -+ -, n, 41, with the zeroth
and the (#-+1) units carrying the free carboxyl and the
free amine, respectively. The peptide bonds connecting
the adjacent peptide units are known to have a partial
double-bond character, and are assumed to be fixed.
The two other bonds of each peptide have a partial
freedom of rotation, and the instantaneous values of
the respective internal rotation angles (¢, ¥.) deter-
mine the microscopic configuration of the chain (see
Fig. 1). The nitrogen of the zeroth unit is assumed to
form an intramolecular hydrogen bond with the oxygen
of the fourth unit if, and only if, the units 1, 2, and 3
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Frc. 1. Polypeptide chain, a schematic representation in the
extended zigzag configuration.

are in the a-helix conformation.? Similarly, any pair of
units (4—2, 14-2) is bonded by a hydrogen bond
provided the three peptide units i—1, ¢, i+1, are in
the a-helix conformation. The energy of the intra-
molecular hydrogen bonds together with the interac-
tion between the R groups of the amino acid residues,
tend to stabilize the a-helix structure, while the free
energy of the partial freedom of internal rotation and
the solvent-polymer interactions tends in general to
favor the random, i.e., coiled, conformation. By
calculating the configurational partition function of the
system, one obtains a quantitative measure of the
interplay between these two tendencies.

The solvent polypeptide interactions may be of
various kinds, including solvent peptide hydrogen-
bonding. We shall not discuss them here in detail.
For our purpose it is sufficient to consider the total
configurational energy V™ (1, ¥1, ***, ¢n, ¥n) 25 a
function of the 2# internal rotation angles, obtained
after properly averaging® over all possible configura-
tions of the solvent molecules, as well as over the
internal rotation angles of the peptide units 0 and
{n+1) which do not participate directly in stabilizing
the helical structure.

We shall assume that the configurational energy V®
is given by

Vo= iVi(D (P ¥i)

=1

n—~1

F VO (Gis, Yooty biy iy Pzt Yrpr) . (1)
by

The terms V,®(¢,, ¢,) represent the potential of
hindered rotation, namely, the part of the energy of
each peptide unit which is independent of other units.
They also include the energy of solvent-peptide hy-
drogen bonds or other particular interactions when-
ever such interactions are present. The terms
V®(pi1, »++, Y1) represent the energy of formation

9 L. Pauling, R. B. Corey, and H. R. Branson, Proc. Natl.
Acad. Sci. U. S. 37, 205, 241 (1951).

10 A detailed discussion of the nature of V™ for polymer mole-
cules in general is given in a recent paper by S. Lifson and L
Oppenheim, J. Chem. Phys. 33, 109 ( ?960), where V® is shown
to be the potential of the average torque acting on the internal
rotation angles. It has, roughly speaking, the nature of a free
energy with respect to the solvent molecules and of an internal
energy with respect to the intra-polypeptide interactions.
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of the helix.!! They include the energy change ac-
companying the formation of a hydrogen bond between
the NH group of the (¢—2) peptide unit and the
oxygen of the (¢42) unit, and also other interactions
such as interactions between side chains which help to
stabilize the « helix and are presumably essential in
determining the right- or left-handedness of the
helix.”? The term V;® is assumed to be different from
zero if, and only if, all three pairs of internal rotation
angles have the values ¢;1™-«-¢; 1™ assigned to
them in the o-helix conformation, within a narrow
range of variation

Apa®, AP ®, eee Apit®, A ®.

The configurational partition function of the system
is given by

27 27
o R T S TR e

where 8=1/kT.

Evidently, the multiple integral of Eq. (2) cannot be
factorized; however, it can be reduced to a sum of
products and the summation performed with the help
of matrix methods. For this purpose we divide the
integration region of each pair of internal rotation
angles (¢, ¥:) into two parts: the coil region ¢; and
the helix region %; These regions are shown sche-
matically in Fig. 2.

The integration over the coil region ¢; can be
performed over each pair of angles independent of the
state of the adjacent peptide units, since V;® =0 holds
over the entire region ¢;, and we may write

_/ exp(—BYV V) didyi=u, t=1lorn (3)

z

/eXP(-5Vi(1)_3Ve(3))d¢id¢«:=u, 1=2, <+, n—1.

(4)

The integration over the helical region %; does depend
on the state of the adjacent peptide units. When both
the i—1 and i+1 peptide units are in the helix region,

AN

F16. 2. Range of integration of a
pair of internal rotation angles
(i, i) .

U The attributions of V;® (¢hiq°++y¥s1) to the ith unit is
arbitrary. We could just as well attribute it to any of the units
between ¢—2 and 7-+2. It has, however, the advantage of sym-
metry. We shall sometimes say that the ¢th unit is hydrogen
bonded meaning merely that ;0.

12 E, R. Blout, C. de Lozé, S. M. Bloom, and G. D. Fasman,
J. Am. Chem. Soc. 82, 3787 (1960).
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the energy V@ is different from zero, and we have

/GXP(-—BVf‘“—ﬁV;“’)dmdtPFw,
i,

1=2, ++-, n—1; both
i—1 and ¢41 in the
helix region. (5)

Otherwise the energy V;® vanishes, and we have

/CXP(—5Vi(l)—/3Vi(3))d¢id¢.'=v,
fi

=2, +++, n—1; either

1—1 or ¢++1 or both are

in the coil region. (6)

Similarly, integration over the helical regions of the
peptide units at both ends gives always

/ exp(—BV D)dpdy:=v, i=lorm, (7)
hi

irrespective of the state of the adjacent unit.

Consider now a compound state of the polypeptide
chain defined by specifying the state of each peptide
unit as being either in the helix region or in the coil
region. The contribution of such a state to the partition
function can be expressed as a product of » factors,
each of which is either #, v, or w. As an example, let us
examine a sequence with #=15 in the state described by

hhhhhccchhchecc, (8)

(the units 0 and 16 were omitted; see the discussion
preceding Eq. (1) ], in which the first five peptide units
are in the helix region, the three succeeding units are
in the coil region, etc. The contribution of this state to
the partition function is seen to be

VWWRVUUUDVUDUUY. (9)

The rules in constructing such terms follow directly
from Egs. (3)-(7):

(1) A peptide unit in the coil state always con-
tributes a factor .

(2) A peptide unit at the beginning or at the end of
an uninterrupted sequence of helical states contributes
a factor v,

(3) A peptide unit at the interior of an uninterrupted
sequence of (more than two) helical states contributes
a factor w.

The product given in (9) is proportional to the
probability of occurrence of the sequence (8), the
the proportionality factor being Z71. The factors u, v,
and w represent conditional probabilities of occurrence
of their corresponding events, the conditions being
given by the above three rules. Since the terms #,
and w are not normalized, only ratios between them are
significant. If one of these factors is arbitrarily set
equal to unity, this is equivalent to fixing arbitrarily
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the zero point of the energy in Eq. (1), and does by no
means limit the generality of the discussion. We shall
later make use of this freedom, by setting u=1, and shall
consider the different quantities of interest as funclions
of v and w only.

Note also that, in general,

p<Ku (10)

because the region % is much smaller than the region c.
Also

r<<w (11)

because I'® must be negative if a helix-coil transition
is to be expected.

At this point it seems instructive to compare the set
of statistical weights, or conditional probabilities,
introduced by Zimm and Bragg with those employed
here. Our w corresponds to their s. Also our v corre-
sponds to their o}, This last correspondence is somewhat
disguised by the fact that they attribute the factor o
to the beginning of a helical sequence, while we at-
tribute a factor v, namely, %, to both the beginning and
the end of a helical sequence which, nevertheless,
amounts to the same final effect. Our statistical weight
of the coil region, u, however, does not correspond
exactly to their statistical weight of the unbonded
segment. It follows from our definitions of #, », and w
that the (unnormalized) probability of a segment to be
unbonded! is #+v if either of its neighbors is in the
coil region, but it reduces to # if its two neighbors are
both in the helical region. Zimm and Bragg did not
distinguish between these two possibilities and at-
tributed the same statistical weight (unity) to the
unbonded segment, irrespective of the state of its neigh-
bors. The effect of this approximation is small as long
as v<wu. The approximation, however, is unnecessary
since the more rigorous treatment is also simpler. It
should be noted that the above remarks hold, with
minor differences, with respect to Gibbs and Di-
Marzio,® and Nagai.?

To obtain the partition function we sum over all
possible terms which can be constructed following the
rules 1 through 3. To do this we define a variable index
o which stands for either % or ¢, and introduce the follow-

ing notation
2w 2
[7 [ dsavi= 3

¢ =0V ¢ ;=0 pi=h.c

/,, dssdy (12

The partition function can be written now as

n—1

Z= 3, e f/ exp(—8V, @)
py=h,c pn=h.c ¥ py Pn

=2

Xexp(—BV V=BV ®) exp(—BV.V)ddidi -  dpndifn
(13)
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Fic. 3. Secular equation for v=0.1 (dashed lines) and (see
footnote 15 in text) v=0.0141 (solid lines). The dotted lines
represent the asymptotic behavior in the limit 3—0.

or

Z= Z ver Z Up1Worpsp5* * * Woy—0pn—1PnWpny (14)

p=h,c pa=h,c

where u,,(i=1 or n) is either # or v according to
whether p; is ¢; [Eq. (3)] or &; [Eq. (7). Similarly
Wp;—10:0i— 15 €ither % or v or w according to whether the
sequence p;pp+1 corresponds to the conditions of
Egs. (4), (6), or (5), respectively.

The values of ,;,p;;,, may be represented by a
3X3 matrix W,;={W,,} in which the rows correspond
to the value of p;1p; and the columns to those of
Pipit1:

pint | B ¢ hUc

Wi={W.l=% & [w v 0 (15)

E ¢ |0 0O wu

¢ hec|v v u

The notation AUc means “k or ¢.” The third row is
denoted by (¢, AUc) which means that p;; is deter-
mined, p;1=¢, while p; can be either % or ¢ and is
determined for each element in the row by the column
to which it belongs. Similarly, the third column has
pi=c, while p;y1 is either % or ¢c. As long as W; is con-
sidered alone, the value of p;; in the third column is
not determined and is also irrelevant. However, when
we form, for example, the matrix product W,W 4,
elements of the third row of W, always multiply
elements of the third column of W; and thereby the
value of p;;1 becomes determined for each element of
the product.

LIFSON AND A. ROIG

By the rules of matrix multiplication the sum in
Eq. (14) is represented exactly by the product

Z=uW=2ut, (16)

where u and u* are, respectively, the row and column
vectors

ut=(v,u,v+u)*  (17)

u=(v’ v’ u)’

and represent the peptide units at the two ends of the
chain. We use the asterisk to denote a transpose of a
vector or matrix, but note that Ut is not the transpose
of u. The elements of the vector u correspond to the
states %, &, ¢ which are the values of the variable index
piz1 in W, Similarly, the elements of the vector u*
correspond to the states £, ¢, kUc of ps1 in W

The introduction of the logical symbol U, as in the
third row and column, serves to reduce the four possible
values of p,_1p; (as well as of p.;p;1) to three® Its
applicability is quite general; it helps to reduce con-
siderably the high orders of matrices which represent
the partition function of more complicated problems,
such as the detailed balance between intra- and inter-
molecular hydrogen bonding, or between right-handed
and left-handed helices when both are feasible. A de-
tailed discussion of such systems will be published
separately.

In very small chains, where the end effects are of
major importance, the terms » and # in U and u* might
be considered as different from those in the interior
of the chain, mainly due to the particular structure of
the end groups. If, however, we do not wish to make
this distinction, it appears preferable for later applica-
tions to define the row and column vectors

e=(0,0,1), e*=(0,1,1)* (18)

so that

u=eWw, ut=We*,

(19)

13 Tnstead, we might represent wp;_1s;0i41 by a 4X4 matrix. Let
the rows and columns correspond to the 4 pairs k&, ck, ke, cc.
The partition function is then given by

w o v 0)"? Y

2 o0 v 0 v
Z=u'Wr2u't= (vuvu)

0o u o0 u u

0o u o u %

To show that this expression is equivalent to Eq. (16) we intro-
duce a similarity transformation

1 0 0 0 1 0 0 0)
0 -1 1 -1 0 0 1 0
X= N X 1= y
0 1 0 0 0 1 0 1
0 1 0 1 0 0 -1 1

and obtain Z= (w'X) (X TW'X)»2(X ') which is equal to
uWr2ut of Eq. (16), except that it has all 4th rows and columns
zero. Since the matrix W is regular, there can be no further reduc-
tion of order.
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and the partition function may be written as

Z=eWret, (20)

where each peptide unit is represented by a matrix W.

An evaluation of Z is effected by transforming W
into a diagonal matrix A according to the transforma-
tion

T WT=A. (21)

The diagonal elements Ay, Ag, A3, of the diagonal matrix
A are the eigenvalues of the matrix W, namely, solu-
tions of the secular equation

T\ w, v, u) = (A—w) (N2—uh—uv) —ur?=0. (22)

After introducing W=TAT-! into Eq. (20), the
partition function Z can be written as

Z=eTA T let. (23)

The columns of T are right-hand eigenvectors of W
which satisfy the equations Wx,*=)\,x,*(r=1, 2, 3),
and are seen to be proportional to [uv/ (A, —w), #, A\, ]*;
the proportionality factor will be set here as \, 7,

*=[uv/A(N—w), u/\, 1]%, r=1,2,3. (24)

Similarly the rows of T are left-hand eigenvectors
of W which satisfy the equations y,W=M\,y, and are
given by

Ve=[uv/N(\—w), (1—u/N,), u/A\r]Cr.

The normalizing factor C,=C,(},) is determined by
T—'T =1 which requires y,Xx,*=1, and is given by *

Cl=u2?/ A2 (A —w) 2+ u (2N —u) /A2,

(25)

(26)
or

Cr=M20—w) /u(Ar—As) (M — N ; r&=s¥t=1, 2,3,

. (26')
or
Cr=N22/[ut+ (20— u) ur?], (26)
where
e =A2— N — un. (27)

The various forms of C, are introduced for later
application and are obtained by using the secular
equation (22) and the symmetric functions of its
coefficients

3
> MA=u(w—1),

r<s

3
> N=wtu,
re=1
A= —uv(w—1v). (28)
By using Eqs. (24)-(26) to obtain €T and T-let,
eT: (1: 17 1)7 T-Ie+= (Ch C2: C3) *) (29)

the partition function Z is finally derived, after intro-
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F16. 4. Dependence of C, on Inw for v=0.1 and »=0.0141.

ducing Eq. (29) into Eq. (23):

3
z=32, (30)
r=1
with
Z,=\"C,. (31)

A fair insight into the problem of the helix-coil
transition and its relation to the eigenvalues of the
probability matrix W can be obtained by analyzing the
dependence of the three eigenvalues A1, Az, and A3 on
the parameters w and ». We shall put #=1 since, as
indicated before, only ratios between the parameters
w, v, and «# have physical significance.”* The secular
equation may be rearranged for that purpose in the
form

w=A—[1¥/(A\2—A—1)], (u=1). (32)

In Fig. 3, NM(w) is plotted from this equation, for two
values of 9, v=0.1 and »=0.0141.% The dotted lines
indicate the asymptotic behavior of N(w) in the limit
7—0. The point of intersection of the dotted lines is
the point of a true sharp phase transition which may
occur only in the limit v—0, as was pointed out by
Zimm and Bragg.* The region of the actual diffuse
transition is in the vicinity of that point,'® where the
values of the eigenvalues A; and A deviate from their
asymptotic values to an extent dependent on the value
of ». In this region the difference between A; and A, is

% The relationship between these parameters and observable
quantities such as temperature or chemical potential has been
discussed by other authors and will not concern us here; the sig-
nificance of In w is briefly mentioned in Eq. (33).

15 This value was chosen for comparison with Zimm and
Bragg’s results (see footnote 4).

16 The midpoint of the transition for large # is approximately
w=1419, M=1+42p, As=1. We shall refer sometimes to this point
as the transition point or simply the transition.
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F1c. 5. Dependence of Z;/Z and Zs/Z on n for 9=0.1 and
v=0.0141 at w=1-4wv.

small, of the order of », and the contribution of A to
the partition function, the degree of helicity etc., may
not be neglected unless # is very large. On the other
hand, A; is seen to be always small and essentially
independent of w. Its contribution to the transition,
therefore, is negligible except at extreme conditions of
very small # and relatively large . Since A; is always
negative, its main contribution to the partition func-
tion changes sign according to whether % is odd or even.
A corresponding significant difference between the
properties of polypeptides with odd and even numbers
of peptide units evidently may occur only when # is
small.

The mathematical procedure leading from the
formulation of the configurational partition function,
Eq. (2), to its final evaluation, Eq. (30), may be
viewed as a series of transformations of the state vari-
ables which determine the state of the peptide units of
the polypeptide chain. The first transformation re-
placed the 2z continuous variables ¢; and ¥; by =
discrete state variables, one for each unit, each with
two values ¢ and 4. Represented by these variables,
the partition function, Eq. (14), was given as a sum
over the corresponding 2” configurations of the whole
system. When we next applied the matrix representa-
tion of the partition function, Eq. (20), we introduced
in fact as our new state variables the states of the #—1
pairs of adjacent units, each with three values, (4, k),
(k, ¢), and (¢, hUc). The representation of the 2" con-
figurations of the whole system was unaltered by this
transformation. Finally, the similarity transformation
T, which diagonalized the matrix of conditional proba-
bilities W, may also be considered as a transformation
to new n—1 state variables whose values determine the
state of the » units of the system. Since the matrix of
conditional probabilities is diagonal in these variables,

LIFSON AND A. ROIG

it follows that the whole system can be found, in this
representation, in one of the three states r=1, 2, 3
with a probability Z,/Z for each. We shall consider Z,
as the partition function for the rth state. It is to be
expected, therefore, that any average molecular
property should be calculated by averaging its values
over these three states, with Z,/Z as the corresponding
statistical weights. In the next section we shall derive
explicitly such formulas for various average molecular
properties.

The expression Z,=\,"C, suggests that A, is the con-
tribution of each unit to Z, while C, is a factor which
represents the contribution of end effects to the par-
tition function Z,. In Fig. 4 we see the dependence of
these end effects on Inw; this variable was chosen
because of its correlation with the temperature, which
we assume to be

Inw=—AH/kT+AS/k. (33)
Here AH is the energy change accompanying the forma-
tion of an intramolecular hydrogen bond, and AS is the
corresponding charge of entropy. Both AH and AS
include, in general, contributions from solvent inter-
actions. It is easy to show that C;+Cy+C3;=1 and that
C3<0. The latter is essentially independent of » and is
very small; for v=0.1, C; is less than 19 of the largest
of Cy or C; and for smaller values of 2, such as 2=0.0141,
it is completely negligible. On the other hand, the rela-
tive importance of C; and C; depends strongly on Inw;
at low values of w (coil region) Cyis near unity, whereas
Cs is small, the end effect thus being appreciable only
in Zs. On the other hand, at large values of Inw (helical
region) only Z; is appreciably reduced by the end
effect while C, is near unity; at the transition point,
Ci~Ca.

The three partition functions Z, are strongly de-
pendent on # through the factor \,». Even for very low
values of #, the value of As" is small; this together with
the behavior of C; makes Z; completely negligible. The
relative magnitude of Z; and Z, is determined essentially
by (As/A1)"; as seen from the secular equation (22) and
Fig. 3, this factor has a maximum at the transition
point. The sharpness of this maximum increases and
its value decreases when » and/or v increases and
makes Z, important only in the transition region, i.e.,
around w=1+4u, and even then only if » and/or v are
not too large. In Fig. 5 the values of Z;/Z and Z,/Z at
w14y (where C1=C,) are plotted vs », which show
the change of their relative magnitude with increasing
n for v=0.1 and for v=0.0141. The value of » at which
Z; is negligible within a specified degree of approxi-
mation can be calculated as follows, according to
Eqgs. (30), (31), and (26"):

22714 (Ae/M) " (Co/Cr) ]

=714+ /M) " (w—N) / (—w) ], (34)
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if we assume that Z;=20 and that (\—Ns)/(Ne—Ns) =2
A/Ae. The maximum of {(Ae/Ay) " occurs at the transi-
tion point but that of the bracket is shifted slightly
toward larger w since Co/C1 is an increasing function of
w as can be seen from Fig. 4. This shift is very small,
though; at a point such as M=214-3v, (w143,
Ae=21419), at which (w—N)/(M—w)=2§=1 the
derivative 9(Z,/Z;)/0w is already negative for any
value of v and %. Then,

(Z2/Z1) max_g_ ()\2/>\1> max’rﬁ-lg ( 1+ 27)) R

=exp[ —#n In(14-20) J=te~2.  (35)

Therefore, to have (Z:/Z1) max<0.01, # has to be such
that n9>2.3. For nv>3, the term Z/Z; is negligible
within an error of less than 1/300, and one might adopt
this as a criterion for the negligibility of Zy, i.e.,

Zy=0, L=z, if no> 3. (36)

To sum up the above discussion, we observe that
among the three terms which comprise Z, one, Zs, is
practically always negligible. Among the others, Z,
contributes to the partition function only in the
transition region, i.e., in the vicinity of w=1+v, and
provided nv<3; the effect of the ends of the chain,
through C,/C;, is negligible at the coil region, but
tends to increase slightly the relative weight of Z, at
the helix side of the transition, within the narrow
range 1+v<w<1+2.52. Beyond this range Z, is neg-
ligible, unless #v is significantly smaller than 3.

MOLECULAR AVERAGES
Degree of Intramolecular Hydrogen Bonding

The average number of intramolecular hydrogen
bonds, 7inend, and the relative number or degree of
hydrogen bondings, §=7pma/%, are both functions of
n, w, and v (we set =1 without loss of generality).
By standard methods of statistical mechanics we have

6=7n"19 InZ/3 Inw. (37)
On using Eq. (30) we may write
3
0=267+/Z, (38)
r=1
where 6, is given by
8,=%719 InZ,/0 Inw. (39)

Thus, it appears that 6, is the same function of Z, as
6 is of Z and may, therefore, be considered as the degree
of intramolecular hydrogen bonding for the rth state.
Equation (38) then gives 6 as the average value of 6,
with statistical weights Z,/Z, as pointed out in the
preceding section. After introducing Eq. (31) into
Eq. (39) we obtain

6,=9 In\,/d Inw+#713 InC,/d Inw=8,"(1+»n"1%,”], (40)
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Fi16. 6. Dependence of 8,°, 60, 6, and 6, on Inw for 5=0.0141.

where the last term, #™,’, is a correction due to end
effects, linear in %7, whereas 6,° represents the limiting
value of 6, for large #». The explicit expressions
for 6,° and 6, are easily found from Egs. (40), (26"),
(27), and (22):

M Ape—0?
A 2220 — 1)+t

w(20—1) +v2]
2(20—1) 2|

0
~

0,’=2[1~—)\, (41)

Thus, we have 6,° and 6,” in terms of v and M (», v),
i.e., as functions of the variables of physical interest,
v and w. The molecular weight dependence of @ is
represented explicitly by the factors Z,/Z in Eq. (38)
and the factor #! in Eq. (40), while 6, are inde-
pendent of n. As Zs is usually negligibly small, only
6, 6/, 62, and 6,’ will be considered. In Fig. 6 these
functions are plotted vs lnw, with v=0.0141. It is seen
that the contributions of 8 and 6’ to § counteract
those of 6,° and 6/, respectively, 6 tends to zero when
6:° tends to one, and vice versa, while 8’ and 6, have
opposite signs.'” It should be noted also that 6’ and
6, are rather large in absolute value in the transition
region, and increase with decreasing v.

We can now see in a more quantitative fashion at
which value of # and v can 6 and the end effects be
considered negligible within a certain error. Equation
(38) can be rewritten as

14-6,22/6:2,
4722y

By using Eqs. (40), (41), (31), (26™), (22), and (28)
and by approximating again (Ai—2As)/(A2—As) by

=20 (42)

7 In fact, it can be shown rigorously that 2.,8,°=1, and that
6:° and ;' are relatively negligible, thus 6,021 -6, 6,'~—8,".
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F1c. 7. Dependence of the degree of intramolecular hydrogen
bonding, 8, on Inw for v=0.0141 and » =26, 46, and 1500. Compar-
ison of the present theory (solid lines) with that (see footnote 4
in text) of Zimm and Bragg (dashed lines).

AM/Ae we have
‘ YA n(A—Az) +2A2
—— (/M) ———— 43
YA (ha/N) n(A—A2) — 2\ 43)

The last fraction shows a maximum near the mid-
point of the transition w=¢1+4v and tends to unity with
increasing values of »# and/or v since then n#(A;—2As)
becomes larger. The maximum value of the whole
expression, 6:Z5/0,Z;, then lies quite near the point
w=2141, as can be shown by making 9(6:2:/6:2:) /dw=
0. The condition for maximum is, after minor simpli-
fications, ’

A= (M) (9A/0w) .

This equation cannot be solved analytically for w
but it can be shown that the solution lies in the narrow
range: (1—31) <w<1+4v in which the last fraction in
Eq. (43) is very close to 2, if ny=23. Then, according to
Eq. (35) and its discussion,

(62Z 2/ 012 1) max%Ze"”‘”
and

0=01=010(1+1’L—101/) if 1’1‘1’2 3, (44)
within an error of less than 19.

The influence of the end effects, included in 6/,
however, iIs still important and vanishes only at rela-
tively large values of %, at which #1820, The actual
value of # at which that happens is easily found from
Eqgs. (40), (41), and the secular equation; according

to them,
202 1

pr=op(1— ),
! 1( A—A3 ﬂ()\l—)\2)>
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Obviously the maximum value of the fraction will occur
at the transition, where A,—X:=22v, as seen in Fig. 6.
Then, when 1/xv is negligible compared with 1, Eq.
(38) becomes

0=00  if nu>1, (45)

that is, 8 reaches its limiting value. This result could be
obtained directly from Eq. (37) if we assume that, at
high values of #, InZ=<# In\,.

As a summary of the results, § has been plotted vs
Inw in Fig. 7 for v=0.0141 and several values of n
together with the results of Zimm and Bragg,® (for
o=2X10"*in their notation). Except for a shift in the
scale of Inw, the agreement between the two theories in
fairly good. While in our theory the transition point is
at w=1-v, in the theory of Zimm and Bragg it occurs
at w=1. The difference can be traced to the different
ways of assigning conditional probabilities, which has
been discussed in the preceding section.

The experimental data of Doty and Young,® and
Zimm, Doty and Iso," on the optical rotation of poly~y-
benzyl-L-glutamate were analyzed according to our
theory, by using Eq. (33) to determine the rélation of
Inw to 7. We obtain AH =950 cal/mol, which is com-
parable to AH =850 cal/mol obtained by Zimm, Doty,
and Iso.

Average Number of Helical Sequences and
Number-Average Length of a Sequence

When the degree of hydrogen bonding @ is different
from its extreme values 0 and 1, the question arises
how strong is the tendency of helical states to group
into long sequences. The smaller the average number
of sequences for a given 8, the longer is the average
length of a sequence. Let i, denote the average num-
ber of helical sequences having at least 2 helical states
in a sequence, then the number-average length /, of a
helical sequence is given by

Zn = (ﬁbond+2ﬁseq)/(n) seq=0/7l+2y

where 7=7lsq/#. The term 27, represents the two
nonbonded units in the helical state which start and
end each sequence.

To obtain 5 (or 7isq), we make the following observa-
tion. In the matrix W, Eq. (15), the three elements
(31), (12), and (32), though having the same value v,
represent three distinguishable states of nonbonded
helical units. Let us denote them, respectively, by vs,
and 15, and 3. Then 25 belongs to a peptide unit which
starts a helical sequence. This is evident from the
values of p;_ips0:a for this element, namely chh.
Similarly v, belongs to a peptide unit at the end of a
helical sequence because it is determined by pi1pipit1=
hhe, while vz corresponds to piipipi1=che and, there-

(46)

18 P, Doty and J. T. Yang, J. Am. Chem. Soc. 78, 498 (1956).
9 B. H. Zimm, P. Doty, and K. Iso, Proc. Natl. Acad. Sci.
U. S. 45, 1601 (1959).
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fore, belongs to a lonely helical state. Since each
helical sequence of two or more units has one beginning
and one end, the average number of vy, denoted by
7z, equals the average number 711 of 710 and the average
number of sequences, figeq,

(47)

To obtain these averages we distinguish between the
three 7’s in the secular equation (22}, and thus have

FON; W, w12, Vs, v32) = (A—w) (N2—A—13) — 0105 =0.
(48)

Now A, and Z are functions of the different ¢’s and we
have

N1e =31 =Tlseq.

n= 771,12/11 =519 1nZ/6 1n’012. (49)

By following the same reasoning which led from
Eqs. (37) to (40), we have

3
n= 3 mZ:/Z, (50)
r=1
where
7Ir=77r0(1+"_1’7rl)- (51)

Again 7, represents the relative number of helical
sequences for the rth state. Explicit expressions can be
obtained by using Eqs. (51), (26"), (27), (22), and
(41):

7
MR~ D ]
1 =0, 4 (\epir/ %) .

1.0

=0,"T(\— w)/w]

7]1'0

(52)
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F16. 8. Dependence of #:°, 52, 7:%n’, and n,%’ on Inw for v=0.0141.
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F16. 9. Dependence of the average number of helical sequences,
¥ 5eq, ON Inw for ©=0.0141 and #=26, 46, and 1500.

We neglect g3 since its statistical weight Z;/Z is very
small; therefore, only %, and %, have to be considered.
According to Eq. (52) #," is always small, because when
6, tends to unity, (A.—w)/w tends to zero. Both
7® and —»® have a shallow maximum in the transition
region, as seen in Fig. 8. On the other hand »,” under-
goes very large changes. For example, ' increases
indefinitely with increasing w, because of the term
/12, while 7,° tends at the same time to zero. It
appears more instructive, therefore, to consider the
molecular weight dependence of #, through the product
n,%, which is plotted vs Inw in Fig. 8. We see that
%’ and 7Py are approximately symmetric with
respect to a line through the transition point. At the
extreme helical region, when 8 tends to unity, n'n’
tends also to unity and % tends to 1/#; namely, the
molecule consists of a single helical sequence. In follow-
ing arguments similar to those used in the discussion of
6, we find that 5 is given to a good approximation by m
provided s is of the order of three or larger,
p=m=n"(14+n"'p') for nv>3. (53)
As a summary of these results, the average number
of helical sequences, Mg, is plotted in Fig. 9 vs lnw
for v=0.0141 and n=26, 46, and 1500. All three curves
tend to zero in the coil region, and to unity (single,
unbroken helix) in the helical region, but only when
the molecular weight is high is the average number of
helical sequences significantly larger than one, and its
maximum value occurs in the transition region. The
number average length of a helical sequence [Eq. (46) ]
increases with increasing helicity monotonously and
smoothly irrespective of whether » has a maximum
in the transition region or not. This is seen in Fig. (10),
where I,/n is plotted vs Inw with the values of # and v
the same as in Fig. 9.
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Distribution of Lengths of Helical Sequence

We now ask what is the average number 7, of helical
sequences of length « (i.e., sequences of  peptide units)
for a molecular chain of » units, and given values w
and ». To answer this and other similar questions we
need a more general method of averaging over mo-
lecular properties than that used in the preceding ex-
amples. We shall now derive such a method, which is a
modification of a method used by one of us® in cal-
culating average dimensions of polymers, and which
takes advantages of the simplicity of the matrix
representation of the partition function.

It was observed before, that the three »’s in the
matrix W represent three distinguishable states of non-
bonded helical units. The same is true for each element
of the matrix, i.e., the corresponding state is deter-
mined by the sequence p;_1pp:1 to which it belongs.
For example, the element us [in position (23) ] starts
a random sequence, the element #s3 continues such a
sequence while w evidently belongs to a bonded unit in
the interior of a helical sequence. (A better distinction
between different #’s is obtained when the 4X4 matrix
representation® is followed.)

We ask now, what is the probability p.(7) that a
particular peptide unit, the sth, will be found in one of
the above-mentioned positions. It should be clear that
the answer cannot be #, v, or w since these are condi-
tional probabilities determined by the unit under con-
sideration and its neighbors, while we are interested in
the probability of finding the 7th element in a given
state (rs) irrespective of, and therefore averaged over,
all the admissible positions of all other peptide units.

The probability of finding the whole chain in a
specified state, pi-+pn, Is given by the summand in

2§, Lifson, J. Chem. Phys. 30, 964 (1959).
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Eq. (14). To obtain p,,(4) we fix the sth unit in the
state (rs) and sum over all the states of the 1—1 units
on the left and the #—1 units on the right, which are
consistent with the state (rs) of the ith unit. In matrix
notation,

pra(i) =W (W B, )Wr—iet/Z, (54)

where W, is the element (rs) of W, and E,; is a 3X3
matrix with the digit one in position (rs) and zero
elsewhere. Note that E,, does not commute with W.
The factor W,,E,, represents our requirement that the
ith elements be in the (rs) position, while €W and
Wr—iet represent the summation, or averaging, over all
possible states of the other peptide units, consistent
with the sth unit in (rs); 1/Z is the normalization
factor. That these probabilities are normalized, i.e.,

2pu(i)=1;  i=1eeen (55)
follows directly from the identity
W=> WE,. (56)

Equation (54) can be transformed to enable direct
summation over 7. We first diagonalize W by Eq. (21),
and obtain

ra(i) =W € TAHT-E, TAT-le/Z.  (57)

Now let 1, and 1,* be a row and a column vector,
respectively, whose components are the diagonal ele-
ments of A%, where « is any integer; and let T,* and
T, be diagonal matrices whose diagonal elements are,
respectively, the rth column of T- and the sth row of
T. Let us further denote

a,=eTT,* a, =T, T-le*, (58)
Equation (56) can then be written as
P”(i) = Wrsarli—l*' ln—ias+/z: (59)

wherel; _1*- 1,1 is the diadic product of the two vectors..

As examples of the use of the probabilities p,, we shall
first obtain the functions # and % derived already
above, Egs. (38) and (50). Thus, the degree of hydrogen
bonding @ is given by

0="nbona/n=D_pu(i)/n=aLn2,*/Zn, (60)
=1

where a; and a;* are obtained from Eq. (58) with the
help of Egs. (24), (25), and (29), setting #=1,

(21),=1C,/\ (A —w) ; (61)

a*=a;t is the transpose of a;; and L,_; is the sym-
metric matrix

L= Zl@q*‘ | I (Lot) r=nN""1
by

(Ln—-l) re = (}\r"—)‘s")/()\r—xs) . (62)‘
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The equivalence of Eqs. (60) and (38) can be easily
shown, and will not be given here.
Similatly % can be obtained by

1;=ﬁ12/n= Zpu(%) /n= aan_laz+/1’tZ,

7=1

(63)

where gzt is obtained like ¢;* above, and is given by
(a2%)r=Co/M, (64)

and again Egs. (63) and (50) can be shown to be
equivalent.

This formulation of probabilities can be applied to
states involving more than one peptide unit. For ex-
ample, we may ask what is, in terms of the matrices W
and E,, the probability p(x, 1) that a helical sequence
of length x (i.e., having x peptide units) starts at the
unit i—x~41 and ends at 7, (x<¢). The above con-
siderations lead directly to the answer

p(x, 1) =eWi~2(3Ey) (wEy)*2(vEn) Wr—iet/Z,

2<x<4, (653)
which is reduced to
p(x, 1) = (17 ?) eWi=E,Wrn—iet/Z, 2<x<Li (66)
by using the identities
E, E,=E,. (67)

We are now in a position to answer the question
stated at the beginning of this section: The average
number 7, of helices of length x is given by

a

flg= Zp(x, 1) = (v'w2) a;L, . a,t/Z

=z

2<x<n, (68)

where L. is obtained from Eq. (62) by replacing
n by n—x+1; as is obtained from Eq. (58) with the
help of Egs. (25) and (29), and the result is the same
as Eq. (64), i.e., a3=(as*) *. Thus,

Ty == (,UQ,wz—Z/Z) a{;Ln—zali*' (69>

For the special case x=1, when 7; is the average
number of lonely helical states, Eq. (66) has to be
slightly modified: The factor » replaces (v*w*2), so that

(70)

It is seen that 7, of a chain of » units is related to 71;
of a chain of #—x-+1 units by

iy = ('U/Z) agL,._las*.

g™ = (pr—2Z (=t [ 7))y, (n—at)) (71)
where superscripts such as (#) and (m—x+1) will
denote henceforth, when necessary, the respective
numbers of peptide units in the whole chain. An ex-
pression for 7; may be obtained also by using the
common method of calculating molecular averages

’fL1= (‘1)32/2)62/61)32, (72)
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where Z is a function of vs, through the eigenvalues of
the secular equation given in Eq. (48). By following
again the same path which led to Eq. (38) for 8, we
obtain for any x

3
CCIEEDY ¥ ATV (73)
r=1
where
£r=Ero(l+x—1£r,)’ (74)
ETO =0 ln)\,/a 1117)32, (75)
&' = (0 InC,/9 Invs) /(0 In\,/0 Invsy). (76)

By introducing Eq. (73) into Eq. (71) we have
after replacing x by n—«+1 in Eq. (71),

3
Pn—an® = ('an—l/z(n)) ZC,ETO(JC"I‘E,’) ()\r/w) i (77)
r=1

If #v>3 we may write, according to Eq. (36), Z® =
Zi™, and

et = (8/M) <w/xl>n—1£\;<cr/cl> ES(xHE) (/)™

(78)

For a large part of the range of variation of x we may
also reduce the sum in Eq. (78) to only its first term,
and we obtain then for most of the distribution

e = (o/N) & (nA-1—24-8") (w/M)=2 (79)

Equations (77)-(79) indicate that the distribution of
lengths of helical sequences is rather broad on both
sides of the transition region, although the actual value
of all 77, increases steeply with the transition from the
coil to the helix region.

After having derived 7, we obtain directly the dis-
tribution of peptide units among the various helical
sequences

e =7 (80)
and the “weight-average” length I, of a helical seg-
ment, where the statistical weight of each sequence is
proportional to the number of peptide units com-
prising the sequence. Since the distribution 7, is rather
broad, [4 is, in general, much larger than [,.. It is given by

n n n n
ly= %) D = D iy D Xy
=2 =2 z=2 =2

=}_:,x2ﬁz/n(0+2n). (81)

The distribution of helical sequences or the weight-
average length of such sequences may be helpful in the
study of the hydrodynamic behavior of polypeptides at
and above the transition region. According to Eq. (79)
i, tends to zero when x is large enough for any fixed
value w/A\<1. Therefore, when # is large enough the
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polypeptide molecule must exhibit a hydrodynamic
behavior of a kinked chain of rigid rods, whereas a
short or medium length molecule might behave as a
rigid helix under the same conditions of temperature
and solvent. It is appropriate to note in this connection
that Nagai,® has discussed the hydrodynamic behavior
of polypeptide chains in the transition region by
calculating the mean-square end-to-end distance of a
partially helical chain. His results may be simplified
considerably by replacing his 7X7 matrices by our
3X3 ones.
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Polymeric and colloidal systems are usually polydisperse, containing possibly hundreds or thousands or
more, of subspecies differing only in degree of polymerization #. The required thermodynamic approach is
that appropriate to a highly multicomponent system. Let P (») be the fraction of polymer molecules of size
n. The distribution function P(n) will depend on one or more parameters, for example, the mean 7 and
standard deviation o in the case of 2 Gaussian distribution. The thermodynamic problem becomes tractable
if we replace, as composition variables, the numbers of molecules of all the polymer subspecies by the total
number of polymer molecules NV and the parameters of P (n). The new set of variables may be only two, three,
etc., in number. Our main interest in this paper is to investigate how the thermodynamic functions of the
system change when the distribution function P(n) changes, as, for example, in a kinetic study in which
P(n) evolves sufficiently slowly with time or in thermodynamic studies on different samples of the same

polymer.

I. INTRODUCTION

N systems such as a solution of a natural or synthetic
polymer, a gas of liquid droplets or nuclei, inor-
ganic colloidal particles or nuclei suspended in a liquid,
etc., the “polymer,” which is the general term we shall
use for brevity in all these cases, does not exist, in
general, as a single component but rather as a whole
series of components differing in the degree of poly-
merization or aggregation, 1.e., in molecular weight. In
other words, the polymer is usually polydisperse
(heterogeneous). The required thermodynamic ap-
proach here is that appropriate to a highly multi-
component system: the number of polymer subspecies
may range, say, irom ten to thousands or more.
Let # be the number of monomers (repeat units) or
molecular units (e.g., water molecules in a water

* Supported in part by a research grant from the Heart Insti-
tute, Public Health Service. The first two papers of the series are
T. L. Hill, J. Am. Chem. Soc. 79, 4885 (1957); J. Chem. Phys.
30, 93 (1959).

1 Public Health Service Special Research Fellow, 1960-61, and
Alfred P. Sloan Foundation Fellow. Permanent address: Depart-
ment of Chemistry, University of Oregon, Eugene, Oregon.

droplet) in a given polymer subspecies, and let P(xn)
be the fraction of all polymer molecules containing »
monomers. In this paper we shall be concerned pri-
marily with the question of how the thermodynamic
functions of the system change when the distribution
function P(n) changes. Such a discussion should be of
use in equilibrium studies comparing different samples
[with differing distributions P(%)] of the same poly-
mer or in kinetic studies on a polymeric system in which
the distribution evolves with time (e.g., polymerization
of a polymer, aggregation of a colloidal suspension, or
formation of condensation nuclei in a gas). In the
kinetic case the rate must be sufficiently slow so that
quasi-equilibrium is attained at each stage of evolution.

In any given application the mathematical form of
P(n) must be sufficiently general to encompass the
complete range of alterations in P (n) to be encountered.
Thus P will be a function not only of # but also of a
sufficient number of parameters e, as, * ++. The number
of parameters in practical cases would usually be in
the range one to four. Ordinarily the degree of poly-
merization will be sufficiently large so that a continuous
distribution P (n)[normalized by [P(n)dn=1] can



