Ma432 Classical Field Theory

Notes by Chris Blair

These notes cover a lot of the 2008-2009 Ma432 Classical Field Theory course given by Dr Nigel
Buttimore (replaced by Ma3431 Classical Field Theory and Ma3432 Classical Electrodynamics,
the former corresponding to at least the first four sections of these notes). The emphasis is
mostly on the Lagrangian formulation of classical electrodynamics and the solution of Maxwell’s
equations by Green’s function methods. They are probably slightly suspect, particularly with
regard to indices and brackets (and no doubt contain other more unsettling errors).

I am told that Dr Buttimore has changed his units from those in these notes, so use at your
own discretion.
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Notes for Classical Field Theory Section 1: Simple field theory

1 Simple field theory

1.1 Introduction to field theory

You are probably already familiar with the notion of electric and magnetic fields. Loosely
speaking, a field in a physics is a physical quantity defined at every point of space and
time, which can be valued as a single number (scalar field), a vector (vector field, such as
electromagnetism and gravity), or as a tensor.

We will restrict ourselves to the study of the electric and magnetic fields, and do so in a
unified manner consistent with special relativity. The methods we use are based in the La-
grangian approach to classical mechanics. Recall that in classical mechanics the Lagrangian
L was defined as L = T — V where T" and V are the kinetic and potential energies of the
system in question. The action of the system was defined to be the quantity S = [ Ldt, and
the equations of motion of the system were found from the principle of least action, which
states that the true time evolution of the system is such that the action is an extremum.
The equations of motion (known as the Euler-Lagrange equations) were thus derived from
the condition §S = ¢ [ Ldt = 0.

In studying fields which take on different values at different space points it is convenient
to express the Lagrangian itself as an integral, L = [ d®z £, where £ is called the Lagrangian
density. The full action is then S = [ dtd*z L. Note that when we approach this from the
special relativistic point of view the separate time and space components will be unified into
a single package.

1.2 Field theory as a continuum limit

To begin, let us show how a simple field theory may be derived by taking the contin-
uum limit of a system of N particles on a spring with spring constant k. Let the particles
have equilibrium positions a, 2a, ... Na and denote the deviation of the i** particle from its
equilibrium by ¢;. The force on the " particle is

+k(p2 — ¢1) 1=1
F, = { —k(p; — pic1) + k(pig1 — ¢i) 1<i< N
—k(on — ¢n-1) i=N

The Lagrangian is
Ny N
L=T-V = —mae; — —k(piy1 — )
gzm@ ;2@1 6:)

and the equations of motion are

meo; = —k(¢; — di—1) + k(di—1 — @) 1<i<N

We now take the limit @ — 0 while keeping (N — 1)a fixed by letting N — oo. If we write
x = ai as the position of the i particle then we can regard ¢; = ¢(x = ai,t), and using the

3



Notes for Classical Field Theory Section 1: Simple field theory

equations of motion in the form

m - 1

_i:k_|: i1 — Qi) — (@i — Qi

", = hag (91— 6) — (9~ 91.)
we can apply the definition of the derivative

99

o i+ 1)a) — p(ai)
ox

a—0 a

twice to obtain the equations of motion in the limit a — O:
P Po
—_— = ke

ot ~ "ox?

where k = lim, .o ka and p = "% is the mass density which we keep fixed. We see that our

simple field obeys the wave equation.
If we define

al 1 ., 1k >
L= E al; L;= 5#@ 34 (Gix1 — 4)
i—1

then in the limit we obtain the Lagrangian density
e 21 [(09)?
—2"\ar) 2" \ox
such that L = [ daL.

1.3 Euler-Lagrange equations
A more general Lagrangian density would be of the form L£(0,¢;, 0.¢;, ¢i,t,x). We can
use Hamilton’s Principle of Least Action to find the general form of the equations of motion.

Let us consider the simplest case where the field is one-dimensional and the Lagrangian
density is invariant under time and space translation. Then we have that

/6£dxdt— 0

and in full

oL oL or
/ <(9(3tgb)5<at¢> + 8(3x¢)6(az¢> + 3_¢6¢) drdt=0

Noting that 6(0;¢) = 0¢(0¢) and §(0yp) = 0,(d¢) we rewrite this as

d oL oL d oL oL oL
/ (% (8(8t¢)6¢> — at—a(at¢)5¢+ ar (8(8x¢)5¢> — axmtsqb—}— 8—¢5¢) drdt =0
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We integrate out the total time and space derivatives and use the fact that the d¢ term must
vanish at the endpoints to then obtain

55:/(%8‘C +axaa£ 8£>6¢dmdt:0

) (0:0) 09

hence we obtain the Euler-Lagrange equations for this field:
oL oL oL

Op———— +0 =

0(0ip)  T0(0:0) 0

For a vector field just replace ¢ by A’



Notes for Classical Field Theory Section 2: Special relativity

2 Special relativity

We will now introduce the machinery that allows us to express field theory in a manner
consistent with the theory of special relativity. In particular, we seek to formulate the theory
of fields in a manner that is Lorentz covariant - that is, related from one frame to another
via Lorentz transformations. Note that we do not introduce special relativity systematically
but assume some prior knowledge of the subject. For completeness we note that the two
postulates of special relativity are that the laws of physics take the same form in all inertial
(non-accelerating) reference frames, and that the speed of light ¢ in vacuum is an absolute
constant regardless of frame.

2.1 Rapidity

The basic Lorentz transformations in 1 + 1 dimensions are

vr

P=7(t=2) W =q@—u)  wherey=
C

We define the rapidity ((v) as

so that
ct' — 2’ = e(ct — )

Note that rapidities add. We can then show that
v =tanh( ~v = cosh (
which allows us to write the Lorentz transformations as
ct' = ctcosh ( — zsinh ¢ 2’ = xcosh  — ctsinh

In the full 1 + 3 dimensions we can write this transformation in matrix form as

cosh( —sinh¢ 0 0

Aol sinh( cosh¢ 0 0
N 0 0 10
0 0 0 1
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called a boost in the z-direction. Note that the most general proper Lorentz transformation
can be written as a product of a 3-rotation to align the new x-axis with the direction of
motion, a boost along the new z-direction with velocity v and a second 3-space rotation.

2.2 Tensor notation

A basic invariant in special relativity is the interval ds separating two (infinitesimally
close) events in four-dimensional space-time: ds* = c2dt* — dz? — dzi — dz3. From this we
get the metric tensor:

g" =diag(1l,-1,-1,-1) = v

which is used to raise and lower indices as follows:
o «
t = g"%x, Ty = Gual

Note that we sum over repeated indices. Upper indices are said to be contravariant, and
lower indices are said to be covariant. Note that (in this metric) raising a time-index has no
effect, xy = 2", while raising a space-index changes the sign, z; = —a'. Note also that indices
with Greek letters can take any value in {0, 1,2, 3} while indices with Roman letters refer to
spatial indices, {1,2,3}. Thus in our notation we have z# = (ct, Z) and 2 = Z.

A Lorentz transformation relates events 2’ in the frame S’ to events z in the frame S,

and is written as
't = A’gxﬁ

The metric tensor is invariant under Lorentz transformations
Gap = g/wA}ééAV/g

A four-dimensional vector, or four-vector, is written as A* and transforms like the coordinates
T

A= Al A

while a second rank tensor T transforms like the product of (components of) two four-
vectors:

T = N AT

and similarly for tensors of higher rank.
We form the four-dimensional Kronecker delta by lowering the index of g"*:

gt = g&b = 5’; = diag(1,1,1,1)

We also have the four-dimensional Levi-Civita symbol, €*#7® which is +1 for even permu-
tations of afBvyd and —1 for odd permutations, with €”1?3 = 1. Note that for the covariant
form, €,5,5, we have €p123 = —1. Both the Levi-Civita symbol and the Kronecker delta are
invariant under Lorentz transformations.
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We can form a scalar invariant under Lorentz transformations (a Lorentz scalar) by con-
tracting two four vectors
M /)73 N
a’b, = a™b,

The invariant time element dr is given by
Adr? = dx"dx,

It is related to the usual time element by

Lt d_ d
T—7 dr dt
dxt dxt

This allows us to define vectors of four-velocity V* = %= and four-momentum p* = m<;-

where m is the rest mass of the particle. The zero component of the four-momentum is related
to the energy & = ymc? by cpy = &, so we can write the four-momentum as p# = (%, ﬁ).
Note that the contraction of the four-momentum with itself is p*p, = m?c*.

If this (or indeed the scalar formed by contracting any four-vector with itself) is equal
to zero we say that the four-vector is light-like, if it is greater than zero we say that it is
space-like, if it is less than zero it is timelike.

This can be related to the idea of light-cones:

ct

v<ec

Future

v>c

Past

This picture can be understood as follows: events that occur inside the lightcone are
timelike; it is possible to find a Lorentz transformation such that any two events occur at the
same point in space, but at different times. Similarly, events that occur outside the lightcone
are spacelike in that is possible to find a Lorentz transformation to a frame such that any
two events occur at the same point in time, but are separated in space.
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The boundary of the light-cone is given by a line corresponding to the motion of a particle
of velocity c¢. The motion of a particle with velocity less than c¢ lies within its light-cone.

Events that occur within the past light-cone of a particle can affect the particle in the
present, while events that occur outside it cannot.

Finally we must consider calculus in space-time. We will be integrating over the four-
dimensional volume element

d*r = dxodridrydrs = ¢ dt deidrodrs

which is an invariant. Derivatives are denoted by

0

Dat

o+

0
oy —
Ox,,
Note that differentiating with respect to a lower index gives an upper index, while differen-
tiating with respect to an upper index gives a lower index, so for instance
Ox, Oxt Ox 0(0ap)

v _ P __ v o__ v _ v
(5 gﬂp_ — g.U«P(Sp — gﬂ — 5!&5[3

or, " or, oz, 0(0,zy)
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3 Covariant field theory

We now seek to formulate field theories in a special relativistic context. We will be seeking

actions
S:/ﬁdgxdt:/Ldt:/LvdT

which are relativistically invariant. Recall that the first postulate of special relativity is that
the laws of physics are the same in all (inertial) reference frames - these laws take the form
of the equations of motion derived from the condition §S = 0, hence S must be Lorentz
invariant. As d7 is an invariant scalar we see that we must have L~ also a Lorentz scalar.
The simplest way to achieve this is to contract the available four-vectors.

Note that the Euler-Lagrange equations of motion for a field A* are

oL )_ac

O (a(aﬂAy) A, 0

3.1 Relativistic free particle action

For a free particle, the only scalar which preserves translational invariance is p,p* = (mc)?,
suggesting a Lagrangian of the form £ = Cp,p* = Cm?c?, where C' is some constant. Let us
look at the non-relativistic limit of this Lagrangian. We have

S:/Ldt:/LydT

We want the non-relativistic limit of L to agree with the Lagrangian for a non-relativistic

free particle, L = %mﬁ'z. Consider the Taylor expansion of m~y~!:

— -
A (1 T (L
mry —m(l 02)_m 262—1—0(04)

As the constant term —mec? is unimportant, we see that we can take our Lagrangian to be

ch

L =_———
v

S = —mdc? @:—mCQ/dT

Y
1
S = ——/pMpMdT
m

hence we have action

or

10
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3.2 Relativistic interactions

We now let our particle be acted on by some field with potential A, (2"). Possible scalars
include A, p* and A, A*. Again we want to choose the Lagrangian so that the non-relativistic
limit gives us the interaction Lagrangian for a particle in the presence of an electric field (in
the non-relativistic limit the particle’s velocity goes to zero, and so it will not interact with
the magnetic field). This is L = —e®. This suggests we look at eA,p = ep’ Ay — e+ A. Now,
Do = % = m~yc, and we identify A° with ®. Then in the limit ¥ — 0 we have ep, A" = mcye®.
Thus we take our interaction term to be

Lint = _LAupu
mery

The total action is now

S = —% (b + SA) s = - / (pu+ SA,) da”

using pt = m%. The dynamics of the system can then be found by varying this action.

First, let us note that

dx
O(pup") = " + pudp" = pudp + pudp = 2p,u0p = 2m—Lop"

but also
S(pupt) = 6(m*c*) =0

and hence if m # 0 we have

dx
d—:ép“ = 0= dx,0p" =

Now let us compute the variation:
e
58 = —6 / (b + 24, ) da*
c

_ / (b 54 ) o) - / (3 + S04, ) da

_ ¢ wy € [ 05w g
_ /(pu—i—cA#)d(éx) /a 5a¥ di

C liid

where we have used the above result to eliminate the dp, term. We now use

/ (Pu + ZAH) d(6z™) = /d (pu + EA“((;xu)) _ /d (pu N ZAH> sh

- /diT (p# + ZAH<(5I‘LL)) dr — /d (pu + gAu> ozt

11



Notes for Classical Field Theory Section 3: Covariant field theory

and the fact that the variation dx* vanishes at the end points to obtain

58 = —\[ (pu+ EAM> out] "+ / (dpa + SdA, ) b = / gAj Sada*

T1

] (s )b [ O
:/ dpud e aA“di(;xu 0A, dx" da e v\ gr
dr c

oxv dr ox¥ dr
Switching the dummy variables ;1 and v in the second A, term we have:

dp 0A, dz"  0A, dx"
o5 /d7'5$ [dT T2 (8x” dr Ozt dr )} !

Hence we find equations of motion

d?l_f 814,,_8/1“ dx
dr ¢ \ Ozt Oz

3.3 Electromagnetic field tensor

The electric and magnetic fields can be expressed in terms of the 4-potential A* as
— 1 — —
E= ——8tA — Vo (AO = (I))
c

B=VxA

Note in passing that E has odd parity (i.e. transforms as E +— —E under space reversal,

—

7 +— —7) and is even under time reversal, while B has even parity and is odd under time
reversal.
We now introduce the electromagnetic field tensor

F.,=0,A,-0,A,

where we identify
FiO — EZ FZ] — _gijk’Bk

as we have

E' = —0pA' — 0;4g = —0"A" + 9'A° = F"
—glkpk — _giikg,, 9 A™ = —(5;5% — 5%(5{)8[,47” = ;AT + ain —JA — A = Fi

12



Notes for Classical Field Theory Section 3: Covariant field theory

Explicitly, the contravariant and covariant forms of the tensor are:

0 —-E' -E> —E? o E' B> E?

1 __R3 2 1 3 2

g | B0 -B B po-| B0 =B B
E* B® 0 -B w=|-E*> B® 0 -B

E? —-B?> B! 0 ~-E3 —-B* B! 0
The equations of motion derived in the last section can then be written

dp, e da”
—h R, —
dr c "dr

To write these in three-dimensional form we first set ¢ = 0 and sum over v (noting that

d _ d
N d da’ d&€
Po € x € 0 4 o —
— =-Fy—=-F"v"= —=ell-v
dt ¢ "dt ¢ dt
using pg = % and the fact that raising a spatial index changes the sign, as well as the
antisymmetry of F),,. For p =1
dp; e dz® e  da’ dp’ , e
=-Fo—+-Fj——=— = —eF" — —¢g; 0" B*
dt ¢ dt TV dt dt ¢
dp’ S e —
= —=ebl+-UxB
2t er + Cv

Note that F},, is invariant under an important class of transformations known as gauge
transformations. A gauge transformation of the electromagnetic four-potential is a trans-
formation of the form A, — A, + 0,¢ for some scalar field ¢, and under this we have

F—0,A, —0,A,+0,0,¢6 — 0,0,0 =0,A, —0,A, =F,

The invariance of the electromagnetic field tensor and hence the observable fields allows us to
simplify problems by choosing a particular gauge, i.e. a particular choice of the A, satisfying
certain conditions. For example we will later explicitly solve Maxwell’s equations (introduced
in the next section) in Lorenz gauge: 9,A" = 0.

3.4 Maxwell’s equations

In the moonlight opposite me were three young women, ladies
by their dress and manner. I thought at the time that I must be
dreaming when I saw them, they threw no shadow on the floor.

Bram Stoker, Dracula

The simplest choice of a Lagrangian density for the electromagnetic field tensor is £ =
CF,, F* where C is some constant. We will now find the equations of motion satisfied by

13



Notes for Classical Field Theory Section 3: Covariant field theory

the field using the Euler-Lagrange equations. We have

a(FOéﬁFaﬂ) — 2FO¢B aFaﬁ
0(0,A,) 0(0,A,)

0(0,A4,) 0(0,A,)
— 25 (o — 0407)

=2F" — 2F"H
=4F"
and as a’iﬁ = 0 we have the equation of motion for a free field

0, F" =0

=

If we introduce a source of charge and 3-current J* = (cp, J) (see the next section) then we
have an interaction term

1
it = =~ AT
Lint = == Ay

and we obtain

1
o, F* =———J"
. 4Cc
and choosing C' = — 15— (i.e. Gaussian cgs units) gives
12 47T v
3#}7’“ - ?J
In three dimensions this becomes o
V.- E=4mp
and L 8 A
——_—E+VxB= —Wf
c ot c

These are two of Maxwell’s equations. The other two may be expressed using the dual
tensor F'* defined by

~ 1
Fr = 56“”’”}7@ = e"70,A,
The components of the dual tensor may be seen to be
Fi0 _ pi Fii — ik pk
in words, replace E with B and B with —E. Now consider

0, = 07,0, A,

14
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This is the contraction of an antisymmetric tensor with a symmetric tensor, and so is equal
to zero. Hence we have the equation

0, F" =0

By comparing with the above Maxwell’s equations in the case that J# = 0 and interchang-
ing the electric and magnetic fields in the manner mentioned above, we find the other two
Maxwell’s equations:

V-B=0

and L 8
SZB+VxE=0
c Ot TV

Note that the equation 8MF’ " = () can also be written in the form
a)\Fm, + aqu,\ + (‘LFAH =0

The various contractions arising from the field tensor and its dual are

FuF®=2(B-B-E-E)  F,f»"=-aB-B B, =2E-E-B B

3.5 Four-current and charge conservation

The four-current density is given by

dzt
m 2 3 -
JH(t, T) = e 0% — Ze(t))

where Z.(t) is the path of a particle of charge e generating the field A,. The charge ¢ and
current et are then given by

q—/p(t,:?)d?’x ev = /j(t,f)d%

Consider the gauge transformation A4, — A), = A, + 9,¢. This gives an interaction action

§ =2 [ (A, + J0,0) d

CQ

We vary this with respect to ¢
= ——/ (J10,0)d tr = ——/ 0, J"op + 0, [J"5¢]) d*
The second term vanishes on the boundary, and we are left with

1
58" = s /Guj“égbd"‘x =0=09,J"=0

15
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so charge is conserved. This equation can also be written
ap — —
—+V.-J=
ot

Let us integrate this over a surface 3,

/ pd3x+/ﬁ-fd3x:0
x

pd3x+/ J-dAdPz = 0
375 o

8q+/ J-dA=0

or

ot

We see that invariance under gauge transformations leads to charge conservation. In fact
there is a close relationship between certain types of transformational invariance and conser-
vation laws, which we treat in detail in the next section.

16



Notes for Classical Field Theory Section 4: Noether’s theorem

4 Noether’s theorem

Noether’s theorem states for every continuous symmetry there is a conserved quantity.

4.1 Derivation
Let us suppose we have a Lagrangian density £(¢, 0,¢, €) invariant under a transformation
¢— ¢ =0+ 00 at — ™ =t + Axt
parametrised by a small quantity € such that
¢*(e=0)=¢ a(e=0)=2a"

Now the change in x* means that the volume we integrate over will change; that is, we have

0552/ £(¢*,x*“)d4x*—/E(gb,az“)d%:
' 2

= c0S = /[ﬁ(gb*,x“) — L(p, 2")|d*x +/ LAY,
s ox.

where d¥,, is a surface element (in the z,-direction) and Az*d%,, can be thought of as giving
the change in the boundary 9% caused by the transformation of the coordinates (for more
details see Classical Mechanics by Goldstein, 3rd edition, page 592). We have also switched
dummy variables in the first integral from z** to z*.

Now the first integrand is just the variation of £ with respect to ¢, that is

[ [56e0+ snra == f o atyree) (56 -t

-~

=0 (E-L)

while the second can be rewritten using the divergence theorem

LAzFdY, = / 0, (LAx") d*x
>

[)))

hence or
c0S = / 0 [—5 + EAx“} d*z =0
2 60,9

Now, consider

0¢ = ¢" (") — p(a)
= ¢"(a™) — ¢(a”) — [¢"(«™") — ¢"(2”)]

17
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We now Taylor expand ¢*(x*?) with respect to z”, obtaining
¢"(x*) — ¢*(2P) = ¢*(2”) + 0,¢" (2)Az” — ¢*(2P) = 0,¢" () Az
or, using ¢* = ¢ + 0¢
¢ (") — ¢7(2") = 0,¢(2") Az” + 0,09 Az”

and the term on the right is of second order and so can be neglected.
Similarly we expand ¢*(z”) with respect to € to find

0o do* 0o
*( P\ _ PY ay b (4*P _ Py _ P _ Py —
6(@) = (o) m 8@+ eS| 6(a7) = 6(a) + eS| — plar) =5
e=0 e=0 e=0
and as we also have Az# = z* — ot ~ 22|
oL  0¢* < oL ) ox* 4
0(55:/8 —c - Oy — 0L ) e d*r =0
s “[a@m oc|_ " \a@.0™" 9e ]
and so we can conclude that the current
oL 0¢* oL or*
H — _ 12 S 174 v
80.0) 9 | _ <a<au¢>a o) .

is conserved. In the case of a vector field A* this becomes

oL ox?
. VA)\ T2 i 2
(a(aﬂAk)a g E) De

oL 0A*

9(0,AN) e

i

e=0

Note that this derivation assumes ¢ has no indices (i.e. is a scalar). To be more precise we
should take into account the possibility that € may be a vector or even matrix quantity, and
write it as &, where « stands for any possible index. In this case we should go back to the
second from last line of the proof and extract the conserved quantity
)
£a=0

Juaga:< oL 9o _( oL ay¢_guyﬁ>%
where there is now one conserved current J#* for each ¢, (see example iv) below).

8(8,0) Deq 8(8,0) Oe,,

Ea=

4.2 Examples

Let us assume that the field does not change, i.e. ¢*(x) = ¢(x).

18



Notes for Classical Field Theory Section 4: Noether’s theorem

0

i) Let £ be invariant under time translation, z*° = 2% + ¢, 2** = 2*, then

. oc
P = 30u0)

is conserved (this is the Hamiltonian for the field).

PXp—L=H

ii) Suppose L invariant under z** = z# + £, then

oL
0(9,9)

is conserved (this is the energy-momentum density for the field).

O — gL

iii) Suppose £ is symmetric under rotations about the z* axis, that is,

¥ = 2l cose + a2?sine 2 = —zlsine + 2 cose 2 =z =z

then the angular momentum density of the field is conserved,

oL
9(059)

(5U132¢ - 33281¢)

iv) Suppose that £ is completely rotationally invariant in the space dimensions. An infinites-
imal rotation can be written as

"= '+ g’
where ¢;; = —¢;; is a three by three skew-symmetric real matrix, and so an element of so(3)
(i.e. a generator of rotations). We then have that

OL o1 up 0%
9(0:0) T 0ein

—ka&?]‘k =

€k

E]‘k =0
is conserved. Now,

oxj  Oepmy,

_ Sisk 8k — 57 ko
= 0]0,2y — 020y = 0] ), — O) ;

ank B ank
giving
ijk oL j k ij ik
—Jejy, = 8(8¢)<6 pxp— 0 ¢xj>—g Lxy+ g Lz ) €jp
so we can pick out our conserved currents
. oL . . .
— i = 5 (aﬂmk _ a’w)xj) — ¢ Ly + g* La;

19



Notes for Classical Field Theory Section 4: Noether’s theorem

For example, consider rotations about the x; axis. Then we have the following conserved
currents:

oL
_J123 _ (al¢) <62¢ZL’3 -9 (;51,2)
112 aL 1 2
g ((Z.c > (alqsxg ) :p1> .

J132 — _J123 J121 — —J112 J131 — _J113 Jlll J112 J153 0

Note that J'3% corresponds to the angular momentum density about the z; axis.

4.3 Stress-energy tensor

If we assume that our system is invariant under the transformation ¥ — x* 4" then we

have that the tensor or
"W = ———0"A\ — ¢"'L
8(8,A,)"

is conserved (note we have changed the A indices). This tensor is known as the stress-energy
tensor.

4.3.1 Stress-energy tensor for electromagnetic field

For a free electromagnetic field, £ = —IGLWF w . The stress energy tensor is given by

1 O(FpaF7 )aVA)\ + LgMVFpJFﬂU

TR — _
167 0(0,Ay) 167

1 1
TH = ——FM0" Ay + ——g" Fo
- 4m AN 1677 T

Although conserved, T" is not gauge invariant (as A, appears explicitly) or symmetric.
We can form a tensor with nicer properties as follows: first, write Fr9” A, = FLo"A* =
g'PE,\0" A* giving

1 1
TH — — P F AN f —— g, P
Ard e T

and then substitute in
ayA)\ — FV)\ _"_a)\AlI

to obtain
Hyo 1 1o o A 1 1o R 9N AV
™ =- g pA - 47Tg p)\a +

1
S A 0
47 g Lo

167
and now define )
oM =TH + Eg“pr,\a’\A”
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1 1
= O = — g F\FY + ——g" F, F*”
T R T

(note interchange of p and v to remove the leading minus sign). This tensor is conserved as
the difference between it and the stress-energy tensor is ﬁ g \OMAY = ﬁF Moy AY and

D (FMOAY) = (8, FM)0sA” + FM9,0,A" = 0

where the first term vanishes due to the equations of motion and the second term vanishes
as it is the contraction of a symmetric and antisymmetric tensor.

The tensor ©*" is gauge invariant, symmetric, traceless (@Z = ©"g,, = 0) and can be
used to define the angular momentum density M*7 = O*z7 — OH7 Y.

But my very feelings changed to repulsion and terror when I
saw the whole man slowly emerge from the window and begin
to crawl down the castle wall over the dreadful abyss, face down
with his cloak spreading out around him like great wings.

Bram Stoker, Dracula
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5 Solving Maxwell’s equations

We now wish to solve the equation 9, F" = %J Y for a given J¥. This equation can be
written

4
0, 0" A — 0,0" A" = %TJ”

We impose the Lorenz gauge, 9,A" = 0 so that this becomes
4
90" AY = = v
c

This equation will be solved using Green’s function methods. Recall that given some dif-
ferential equation Df(x) = g(x) the Green’s function G solves DG(z) = §(x); so that
f = [di'G(z — 2')g(a') as then Df = [da’DG(x — 2')g(z') = [da'd(x — 2')g(2') = g(x).

We will apply Fourier transform methods to obtain the Green’s functions we need. The
four-dimensional Fourier transform and its inverse are

BY — 1 AL o= ikuva” £(Ln my —
fla#) = oz [ ke fa) )

The Fourier representation of the delta-function is

d(z) i/ dk e~

T o .

5.1 Time-independent solutions

First let us obtain solutions with no time dependence. This means we will be solving the
equation

62Au:_4_7rju
C

‘ 5.1.1 Green’s function

We need to find a Green’s function satisfying V2G(Z) = 6*(Z). In terms of Fourier
transforms, this is

o1 o 1 e 1 =
2 3 —ik-& _ 3 2 —ik-¥ _ 3 —ik-%
% (2@3/2/61 ke G(/{:)——(QW)?)/Q/CZ K R2e R EG(R) = (27)3/d ke
~ 1 1
=W ="
giving
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T = é Now the k integral can be expressed as a Gaussian:

2 3/2
/d3k€zkx ak? /dgke <k+ a) €7g _ <z> / e 42
(0%

L g [ 1\*? =
G(l’) :—Wﬂ' /O da (a) € 4o

, then —2du = a~3?da and we have

, 1 O 2. 1 1 [4n
G@”)‘m/md““ = T\ ®

using the fact that the Gaussian integral is symmetric, and hence

as fooo dae

so we now have

Let u = o 1/2

8

1
47 ||

5.1.2 Magnetostatic and electrostatic potentials

For an electrostatic system, we have VZA? = V20 = —dmp(F) = — 3" 57 — 7,),
where the sum ranges over the different charges in the system, with 7, signifying the position
of the charge e. Using the Green’s function above we see that

7 53l’—fe
P(7) = d3/ IO(J}) /d3/26
(%) / |7 — 2| T — 2| Z|x—xe

giving
L 77

E = —Vq) = E 6_,—_»63
— |7 — 7|

Similarly the vector potential is given by

5.2 Time-dependent solutions

We will now seek solutions of the full equation

4
0,0" A = —”JV
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5.2.1 Green’s function

The Green’s function we seek is a solution D(z”) of 9,0"D(2") = &*(2*) where 2# =
P — x'P. Appealing to Fourier transforms again, we have

]_ ~ . ]_ ~ ] 1 ‘
" d*k D(k)e "= = — / d*k k,k* D (kH)e~H" = / d4f e~ ikv?"
8#8 (27_(_)2/ ( )6 (271‘)2 14 ( )6 (271')4 €
from which
1 1 1 1

s 1 B
D) = A2k kt — Am k2 — k2

where k = |k|. We now must solve

1 1 v 1 o o 1 0
D(zM) = — d4k} —zk,,z - dgk zk~z/ dk —ikoz
() =~y / [y (2m)’ / ‘ %2 —k2¢

Note the sign change in the first exponential when converting to three-dimensions. Now,
to evaluate the kg integral we use contour integration, treating ky as a complex number,

ko = Re kg +iIm ky. This gives etk = elmkozc=iReko Qo that the integral converges we must
choose Im kg < 0 for 2° > 0. This condition is imposed as 2 = 2% — 2% = ¢(t — ), and so
positive z¥ ensures that contributions to the Green’s function and hence to the potential A*
only come from events that occur at times ¢’ < ¢, i.e. events in the past. Thus causality is
ensured.

Now, the poles of the integrand are +k and so lie on the real axis. To avoid them, we
displace our contour by an infinitesimal amount ie so that it lies just in the upper-half plane
(formally we should let € — 0 at the end). Our contour of integration I' then looks like:

Im ko

Re ko

We than have

e—ik’ozo R e—zkoz e—ikozo
dk = dk, —_—
f k2 — k2 k2 k2 /—‘ k2 — k2 k kQ /s‘emi—circle kg - k2

Now on the semicircle we can write kg = Re™ = Rcosp — iRsinp, so that the integral
becomes an integral over ¢ from 0 to 7. So we have

efzkoz T ‘ o L 1
/ 5 s = —Z/ ng Reupe—Rz sin p—iRz" cos ¢ — .
semi-circle kO - k: 0 R (& Y — kf
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and sin ¢ > 0 for this range of ¢, hence the integrand goes to zero as R — oo, as required.
The value of the kq integral we are interested in will hence be given by the —27i times the
sum of the residues inside the contour. The residues are:

e*l’kozo efikzo
lim (ko — k =
kjﬁlk( 0 >(k;0 —k)(ko+ k) 2k
e—ikozo eikzo
lim (ko + & = ——
kolflk( ot )(ko — k) (ko + k) 2k

hence

- 1 Cikoz® _ T (g0 —ikzo) 0
/ dk0k2 3¢ =7 <e e O(z")

where the Heaviside function
1 29>0
0(:") = { -

0 2°<0

is added as the residues only contribute for positive z°. So we now have
@(20) -1 1.0 ]
D(z* dSI{f ik-Z ikz® _ —ikz
() = ) / et <e e >
_ 6(2")

0o 1 ) ) 2 s )
= 163 z/ dk kQE (elkzo —e’kz())/o d(b/o df sin 0 e?k=cos?

upon switching to polar coordinates and choosing the coordinate frame such that the &% axis
makes an angle of § with Z, and letting z = |Z]. Integrating over the angles, we get

@(Z()) ‘ [ee] o o eikz e—ikz
D(zH) = dk k ( ikz® _ —ikz .
(") 82 2/0 ‘ ¢ ) ikz  ikz

0 00
_ _®(Z ) / dk( (2942) + efik(z()«#z) . eik(z()fz) . efik(zofz)>
812z Jo

but if we let &k — —k

o —o0 0
/ ks e=HE+) = / d(—k)eME+) = / s e+
0 0 —00

D(z") = 9D /OO dk (eik(”ZO) — ei’“(zo‘z)> = (") (6(z° — 2) = 6(z" + 2))

Sm2z Az

remembering the integral representation of the delta function. Owing to the Heaviside func-
tion only the first delta function will contribute, so

Dret(zu) -
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The subscript signifies that this is the retarded Green’s function (that is, the Green’s function
resulting from the contribution of events in the past).
We can put the Green’s function in covariant form using

d(z0 — 2) N d(z0 + 2)

0(zu2") = 6([20 = 220 + 2]) =

|20 + 2| |20 — 2|
as 0(ab) = % + %. Hence
d(z0 — 2) d(z0 — 2)
0V§ (2 o) — O(2° 0.0

and so o)
z
Dyer(2H) = o §(z,2")
Recalling that z# = 2 — 2/# we can state our final results for the Green’s function as
e 0_ .0 .
Dyl — o) = 20T 5a0 a0z )
and in covariant form,
@ 0o_ .0
Dyey(at — ™) = %5([% — x;] [zH — 2'M])

Note that if we had taken 2° < 0 and closed our contour in the upper half-plane (with poles
displaced upwards) we would have obtained the advanced Green’s function

0 _ .0 .
Dadeu _ x/”) — M(;(IO —_ g0 + |j’_ g;/|)

5.2.2 Lienard-Wiechart potentials

Of night and light and the half-light.
W.B. Yeats, “He Wishes For The Cloths Of Heaven”

We can now work out the potentials A* that solve the Maxwell equation d,0"A” = %J Y.
They are given by

4
AM<I'O—) = _ﬂ_ /d4m/Dret($ - x’)JH(I,’U)
&
where 4’
JH(a'7) = eS8 (@ — T(1))

dt/
or in covariant form
dx

NIU:
JH(x") ec/de

5w — (7))
:
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as integrating over 7 and using that

sipey = Y o-n)
i:f(71)=0 Lf' (7))

s - (2)

where /0 — 20(7') = 0. Now, @2, = &2dt) , _ pdt) | apq 4

we have

d lo
JH(2'7) = ec *
dr

7—l 7—l
dxlo'

dt

/o .
0 o di 27| = 24 50 this reduces

to the local form.
So substituting this in, we have

4 0_ .0 lo
At (27) = %T /drd4x’—@(x 5 ‘ >5([xg — 2! J[z7 — $"’])ecd§T 54 (27 — 27 (7))

= 2€/d76($0 — 26 ([xy — 25(7)][27 — 27(7)])VH(T)
where we have written V# = 4 Now, we need the roots of the argument of the delta

= =
function:
(25 — 25 ()][a” = 2(7)] = 0= (20 — 2§(7))* = |Z — Ze(7)]P =0

There are two possibilities:

xo — 2G(T) = £|T — Te(T)]
The Heaviside function constrains us to choose the positive option. We see that the unique
root of [z, — x&(7)|[z” — xZ(7)] = 0 which ensures causality is given by the retarded time
To-

zo — x4(70) = |T — Te(T0)]|
Physically, the retarded time gives the unique time at which the charged particle intersects
the past light-cone of the observation point. Now, as

L feo — a5 (rle” — 7(7)] = ~2lz, — 5 ()] =2 (r)

We then have that
d(1 —10)

@(xo . £L‘2)5<[$0 — :ECC;(T)HxU _ ;EU(T)]) = 2[370 — xe (TO)]VU(TO)

e

so, writing R = 27 — 29(7), we have

V()
Ro(1)V7(7)

70

At (27) =

Note that the retarded time is in this notation defined by R, (79)R?(79) = 0 and that then
R =R = |R| = |7 — @(70)|.
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5.2.3 Electromagnetic fields from Lienard-Wiechart potentials: method one

We wish to evaluate the electromagnetic fields F* = oFAY — 0¥ A" arising from the
motion of a charged particle. Consider the integral expression for the potential

A (27) = Qe/dT@(xO — 2N0([zy — 25 ()P VY(7)
We will differentiate this with respect to z*. First, note that
9,0(x° — 22) = §(2° — 29)

e

and this will give a term §(—|Z — 7°(7)]?) which only contributes for ¥ = 7¢(7) and can be
neglected. Thus we have

OMAY = 2e / drO(z? — 22)0"6([x, — x5 (T)]*)V(7)

Let us now write

0"([xe — 25(7)]*) = 0"0(Ro(T)R7(7))

0(Ro(T)R(7))0" (Ro R7)

" OR,R°
d or
— 4 o " o
and as R” = 27 — z7(7) we have
O*(R,R°) = 2RH
and p p .
.
Il N\ — _9 o —
dT(RaR ) R,V = TN BT

so (using p as our dummy variable in the denominator as ¢ is used in the numerator)

Rt d

([ — a5 (1)]?) = TRV 270 (B (T)R7(7))
Thus ) . S RAVY d i
AV = —26/dT@(l‘ —xe)Rpr Ed(Ra(T)R (1))

and we can integrate this by parts to obtain

d (R*VY
oA = 26/d7@($0 — {ES)(S(RJ(T)RU(T))CZ— ( )
Recalling from the derivation of the potentials that

O(x" — 2)d(R, (1) R (7)) =
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we find

e d [RMVY
BAY — =
0 R,V° dr (R,Mﬂ)

with this evaluated at the retarded time. Carrying out the differentiation, with a dot denoting
a derivative with respect to proper time,

e [=V'V'+RWY RV :
A" = — ~WNVr+ R\VA
R,V° < R,V (R,V?)? (-1 + s ))
and hence
eV,Vr e . . eR,VP
= P (RMVY — RYV*) + ——— (RMVY — R'VH) — — 2 (R'VY — RVVH
(R, V) ( )+ (R, V)2 ( ) VAGE < )

Note that we can write F'*¥ as a sum of two parts, one a velocity field containing terms
depending on V* and the other an acceleration or radiative field containing derivatives of the
velocity, V#:

PR o— R v

vel rad
where Ve
v € 14 14
F:el = (_RUPT)*?<RMV - R V’u)
and .
e . . eR,V?
™ =__—— _(RFVY—R'VHF) — —2___(RFVY — RVVH
rad " (RGV)2 ( ) (R, V)3 < )

5.2.4 Electromagnetic fields from Lienard-Wiechart potentials: method two

Consider the covariant form of the equation defining the retarded time:
RU(T()>RU(7'0) =0

This equation defines 7y as a function of the observation point z#. To find how 7y changes
with z# we differentiate

0,(Ro(70) R (10)) = 0 = 2R,0,R" = 0

Now,
ag g e (o d o g
0uR° = 0,27 — O,2°(7) = 0, — e ()0t =6, = VFO,T
so at the retarded time

Ry (67 = V*9,m0) = 0

and hence

R
aMTO = . = 8”7’0 =
o
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with the expression on the right evaluated at the retarded time.
We will use this to now evaluate the electromagnetic field tensor resulting from the four-
potential
eV?

A = g

T0

In what follows we will denote differentiation with respect to proper time by a dot. Note
that our expressions must all be evaluated at the retarded time - so in effect we will work
out O*A¥ treating R, and V, as functions of 7 with the awareness that in reality everything
we do is evaluated at 7. This allows us to substitute the above expression for 0¥, for 0*1
as we derive. So we have

IV eV
woAY _ wy/ P p(AH
S = R, T eR) (@ VIR, + VIO RP))
Veorr  eVv .
_ _ p . PSH _ w
ol o (VP R,0"7 + VP8~ V,0"7))
L VR v (VIRRE L VIV R
(V,R,)2  (V°R,)? \ VR, R,V°

_ RVIVIV, eVEVY  eRVY eRYVIVPR,
~ (V'R,)*  (V°R,)?  (V°R,)?  (V°R,)?

Hence we again find we can write F* = gAY — 0¥ A* as a sum of two parts, one involving
terms containing the four-velocity of the charge V# and the other involving terms involving

the acceleration V*, that is,
FH = P 4 R

vel rad
where )
y ec 5 5
Fl = Gemy (reve = RV
and .
e . . eVPR
" =_— _(RMVY — R'VF) — ———2 (RFVY — RVVH
rad (VURU)Q ( ) (VURO_)3 < )

where we have used that V*V, = V2t — 20? = 2R (1 —v?/c?) = 2

5.2.5 Properties of the electromagnetic fields due to a moving charge

We can immediately work out some important properties of the velocity and radiative

fields. Consider 2

2 v
R, F" = (VUR>RV“7£O
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where we have used that R,R" = 0 at the retarded time (remember that all our expressions
for the fields are evaluated at 79), and
eR,R'V"  eVPR,R,R'V"
R Fw/ — 14 pH —
K rad (VURO_)2 + (VURU)3

upon making a single fraction and switching some of the dummy variables to agree. Setting

: s . )
vin R,F! to zero and j successively we find

R,F™ =0= RF®, =0= RE ,=0= i Eqa=0

rad T

7

R,F" = RyFY + RFY, = —RF’ + R'c""BF =0 = F' = —sﬂk%Bk - FE=-ixB
where 7 is a unit direction in the direction of K. Note that this implies 77, Erad and grad are
mutually orthogonal and have the same magnitude (in Gaussian/Heaviside-Lorentz units).

We can similarly consider the dual tensor, F*? = ¢*fm F, - For both F!7 and F!", we see
every term in Raﬁ B = bR F w Will contain eo‘ﬁ“’jRaR,L or €*?" R R, and hence contract
to zero. Thus,

R,F"™ =0

and hence B . .
n-B=0 B=nixFE

‘5.2.6 Local form of the electromagnetic fields due to a moving charge

To transform our covariant expressions for F'7 and F"”, to our local frame we recall that

VHE = ~(c,v) = 7(c, cg), where 7 = ¢B. We need to work out V* = dilTV“. Now, % = 7%, SO

we have .
d d 6. a

1
Y=oy == ————g
dr dt /1 _ 5 /1 B 52

—y'f-a

- d =
where & = 23, and

—

d 4 ~d d =\ Sy Nz oz ol
dT’Ycﬁ = C’ydt’yﬁ =cy (ﬁdt7+vdtﬁ) =y <ﬁ’r (6-a) +7a> =cy (B-a)B +cyd

We also have that VR, = Ryc — vV - R = y¢R(1 — it - 3). Hence we have

602

i 0 2770 0y /1
Evel_Fvel_m<Rv —RV)

ec?

B VAR — it - §)3 <76R B RWﬁ)
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SO
_e(i=p)
(117

Turning to the radiative fields, we have
. y VPR . .
s (RV - RV - ﬁ (rV° — BOV')

Ei — Fio —
rad rad (VURJ)Q

S0, writing R= Rn,
g- 62)5—1— 67207D
- B — v2cRii - &) <07Rﬁ — cvRB)

-

3BR3(1 —i7-5)3 - = 3
VR 71ﬂ)ﬂm_7d“1—ﬁﬁ>WhﬂW%&_RF%(
)

hence
n-am—p)—dl—ii-pf)

We can use the vector identity @ x (b x &) = b(a@- &) — &(@-b) with @ = 7,

to see that
nx ([f—plxad)=n-an—7F)—al—
so we can write the radiative electric field as

i e i x ([ii — ] x d)
1

to
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6 Power radiated by accelerating charge

The essential idea is that the energy flux per unit area in the direction 7 is given by S n
where S = Emd X Bmd is the Poyntmg vector. We have that Emd is perpendicular to Bmd

and 77 is perpendlcular to both with Bmd =7 X Emd, SO
- C —
-S| = —|Eqal*
i8] = | Braa
Now the differential power radiated into a solid angle element df) in the direction 77 is
dP = R?|7i - S|d

This expression is in terms of the time ¢ at the observation point; it is often more convenient
to work with the time ¢’ in the charge’s own frames. We can write the energy radiated
between times ¢; and t, as

to N th
5:/ yﬁ-S\dtdQRi’:/ 7 - S| R’
t1 2}

so we see that we should define

dt dt
dP(t') = R*|ii - S]dQ = RQ—\Emd\ det’
To evaluate the derivative, we use that
ct—ct' =R
from the definition of the retarded time. As R = |R| = |Z — Z.(') we find
. R _dt L
' Re v
and hence 2P ()
2 C @ 2 S 3
bl A »> S | 7 1—77-
FTe) R 47T’ rad| " ( i 3)

and using the expression for Erad evaluated in the preceding section we have
2

dP(t) _ & | X ([ — 8] x a@)

s 4me (1—7- 5)5

with this expression evaluated at the retarded time.

An important consequence of the electromagnetic radiation of an accelerating charged
particle is that classically an electron turning in circular motion will lose energy due to
radiation, leading to a decay of its orbit.

The remainder of this section of the course is not covered by these notes.

Because I do not hope to turn again
Because I do not hope
Because I do not hope to turn

T.S. Eliot, “Ash Wednesday”
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7

Bibliography

Obviously most of the material above was taken from my notes from Dr Buttimore’s lec-
tures and shamelessly I¥TXed out under my own name. However I can claim full credit
for any mistakes that have appeared, and would appreciate any corrections/suggestions
to cblair[at]maths.ted.ie.

The covariant derivation of the Lienard-Wiechart potentials was borrowed from FElec-
trodynamics by Fulvio Melia and Classical Electrodynamics by Jackson (note that the
first method for obtaining the electromagnetic fields from the potentials is taken from
Jackson while the second was contributed to the 432 course by former students).

The Classical Theory of Fields by Landau and Lifshitz.

There are some good exam-oriented notes by Eoin Curran at http://peelmeagrape.
net/eoin/notes/fields.pdf!

The quotations throughout these notes were all mentioned in lectures by Dr Butti-
more; their precise relevance is left as an exercise for the reader. The text of Drac-
ula by Bram Stoker is available online at http://classiclit.about.com/library/
bl-etexts/bstoker/bl-bsto-drac-1.htm. The poems by Yeats and Eliot can pre-
sumably also be found online, or in any major collection of their work.
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