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Protein folding, the determination of the lowest-energy configuration of a protein,
is an unsolved computational problem. If protein folding could be solved, it would
lead to significant advances in molecular biology, and technological development in
areas such as drug discovery and catalyst design. As a hard combinatorial optimi-
sation problem, protein folding has been studied as a potential target problem for
adiabatic quantum computing. Although several experimental implementations have
been discussed in the literature, the computational scaling of these approaches has
not been elucidated. In this article, we present a numerical study of the (stoquastic)
adiabatic quantum algorithm applied to protein lattice folding. Using exact numer-
ical modelling of small systems, we find that the time-to-solution metric scales ex-
ponentially with peptide length, even for small peptides. However, comparison with
classical heuristics for optimisation indicates a potential limited quantum speedup.
Overall, our results suggest that quantum algorithms may well offer improvements

for problems in the protein folding and structure prediction realm.
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I. INTRODUCTION

The structure of a protein captures crucial information about its biological function and
therapeutic potential [I]. Knowledge of a proteins’ structure unlocks valuable biological in-
formation, ranging from the ability to predict protein-protein interactions [2], to structure-
based discovery of new drugs [3] and catalysts [4]. Unfortunately, experiments to determine
protein structure are challenging and require extensive time and resources [I, B, 6]. As of
February 2020, the TrTEMBL database [7] contained 176 million protein sequences, while
only 160,000 protein structures have been deposited in the Protein Data Bank [8]. A reli-
able computational algorithm for the template-free prediction of a protein’s structure and
its folding pathway from sequence information alone would enable annotation of millions of
proteins and could stimulate major advances in biological research. However, despite steady
improvements in the past six decades [9HIT], a consistent and accurate protein folding algo-
rithm has remained elusive.

Over the past decade, there have been attempts to leverage quantum computing for
protein structure prediction. The biological structure of a protein is thought to correspond
to the minimum of a free energy hypersurface, which for even small peptides is too vast
for any classical computer to explore exhaustively [I0]. A type of quantum computation
that may be appropriate to help is adiabatic quantum computing (AQC), an approach to
exploiting the physics of a controlled quantum system that is considered to be of potential
use in optimisation problems (whether classical or quantum in nature) [12]. Typically, the
set of possible solutions is mapped to a register of qubits with a binary encoding, and the
objective function is represented as a physical Hamiltonian, Hpyoblem, Whose eigenvectors and
eigenvalues are respectively problem solutions and their scores. In particular, the ground
state |®) (or the respective ground eigenspace) corresponds to the global minimum of the
problem. An adiabatic algorithm starts by initialising the register of qubits in the ground
state |¥(0)) of a given Hamiltonian, Hiyia, whose ground state is easy to prepare, and
gently transforming into the problem Hamiltonian, Hpopiem- If the evolution is slow enough,
the adiabatic theorem of quantum mechanics [I3] ensures that the final state |U(7")) will be
infinitesimally close to |®).

Protein chemistry applications of quantum computing have concentrated on a simplified

prototype known as the protein lattice model [14], which has been used as a coarse-grained



FIG. 1: (A) Liquorice representation of a randomly generated short protein (peptide) with
sequence AVSQVADGILS. In this depiction, every stick represents a bond between two
atoms, and the colour of the corresponding half of the stick identifies the nature of the

atom: green is carbon, white is hydrogen, blue is nitrogen and red is oxygen. The spheres

that surround the sticks, representing van der Waals volume, have been coloured by
residue identity. (B) Lattice model of the peptide in (A). The protein is represented as a
self-avoiding walk on a lattice, where every node corresponds to a residue. Amino acids
that are distant in the sequence but are spatial neighbours induce complex interactions
(represented as dotted blue lines) that stabilise a particular fold. Above the dotted lines,

we display the Miyazawa-Jernigan stabilisation energy of the contact.

proxy for structure prediction [15, [I6]. In this model, the protein is described by a self-
avoiding walk on a lattice, whose energy is determined by the contacts between adjacent
amino acids, and the minimum energy is identified with the biologically active form of the
protein. Unfortunately, the problem of finding the protein configuration that minimises the
energy is known to be NP-hard [I7, (I8]. In the context of quantum computing, several
encodings (i.e. instructions to map the problem to a Hamiltonian operator and the solu-
tions to a binary string) have been proposed [I9-21], some of which have also been tested
experimentally in D-Wave processors [21), 22]. Recent work has attempted extensions of the
protein lattice model [23], and even off-lattice models [24]. Although multiple algorithmic
approaches have been suggested, there is not, to our knowledge, any numerical or analytical

study establishing the computational scaling of adiabatic quantum computing for protein



folding applications.

In this article, we present an extensive numerical study of protein lattice folding in ide-
alised, error-free, closed-system adiabatic quantum computing, such as might be achievable
in future devices with long coherence times in the presence of error correction |25, 26], or with
fault-tolerant universal quantum computers employing Hamiltonian simulation [27]. In par-
ticular, we have computed the minimum spectral gaps and optimised time-to-solution (TTS)
metrics for a large dataset of hard problems. The spectral gaps display a strongly vanishing
behaviour, which according to the adiabatic theorem leads one to anticipate a quadratically
stronger upper bound in runtime. However, our simulations of unitary evolution reveal a
scaling that is several orders of magnitude milder. When compared with classical stochastic

optimisation heuristics, we find some evidence of a limited quantum speedup.

II. RESULTS

We generated a large dataset of peptide (i.e. short proteins) problems with unique ground
energy minima (UGEM) containing between 6 and 9 amino acids in 2D, and between 6 and
8 amino acids in 3D. We examined a total of 29,503 peptide sequences, an approximately
equal number of cases in both dimensions (15,173 in 2D and 14,330 in 3D) and lengths
(approximately 4,500 cases per length at a given dimension, with the exception of 2D length
7, where it is challenging to generate UGEM cases, and we considered only 1,700 cases).

These cases were generated by random sampling of the 20 standard amino acids, but are
expected to display properties similar to realistic proteins, as established in several studies
[28]. Using this dataset, we expressed the problems as Ising-like Hamiltonians by means of
the turn circuit encoding described by Babbush et al. [20] and performed several numerical

simulations to study the scaling of the minimum gap and time evolution.

A. Spectral gap

We start our analysis by determining the minimum spectral gap, A, between the ground
state and the first excited state. It is often stated (based on theoretical arguments) that
the runtime of the adiabatic algorithm is proportional to O(A~2) [29]. Unfortunately, many

problems exhibit an exponentially vanishing gap with increasing problem size [30H32], and



1 T T T T 1 T T T
o - o T -
_1 - - _l = -
_2 - - _2 = -
8 -af 4 8 -af i
_5 - - _5 = -
_6 - - _6 = -
_7 - - _7 = -
_ 1 1 1 1 _ 1 1 1
8 6 7 8 9 8 6 7 8
C Sequence length [aa] D Sequence length [aa]
2 T T T T T T 2 T T T T T T
X@
1L e® _ i
—+= e
O ' ew@ — o | |
7
5 -1F // 4 = i
-2 F - -
_3 - — _3 - -
—4 1 1 1 1 1 1 —4 1 1 1 1 1 1
0-10% 10-25% 25-50% 50-75% 75-90% 90-100% 0-10% 10-25% 25-50% 50-75% 75-90% 90-100%

Quantile Quantile

FIG. 2: (A, B) Distributions of log;, A, the decimal logarithm of the minimum spectral
gap between the ground state and first excited state energy levels, for UGEM peptides of
different size in 2D (A) and 3D (B). These violin plots employ a Gaussian kernel density
estimation method to show a smooth representation of the distribution of data. In the 2D
case (A), it is clear that the median gap remains approximately constant, while the worst
case gap grows exponentially. In the 3D case (B), a similar effect is observed, although it is
made less clear by the particular behaviour of length 8 peptides, which always have their
optimal structures arranged in a cube. (C, D) Least-squares fit of subsamples of the data
to different functional models. The rate of decay of the minimum spectral gap varies

significantly between quantiles.

in particular it is believed that no form of quantum computing is able to efficiently solve
NP-complete problems, or at least no such report has withstood scrutiny [29, [33]. The
distribution of gaps for the protein lattice problem in 2D and 3D is shown in Figure [2|
The distribution of gaps at a given length resembles a skewed Gaussian distribution: the
majority of gaps are concentrated around a narrow center spanning two orders of magnitude,

and there are long, thick tails (containing 5-10% of the data) that spread away several



more orders of magnitude to one side. The extent of these tails present a severe decrease.
In the dataset of 2D peptides, the size of the worst-case gaps decrease by five orders of
magnitude within a length increase of four amino acids, but only an order of magnitude and
a half within the last three lengths considered. Similar results are seen for the 3D peptides.
Length 8 three-dimensional peptides show smaller gaps because of their distinct distribution
of energetic levels due to cubic symmetry.

This steep decline for the hardest instances is in contrast with the small decrease experi-
enced by an average peptide. The vast majority of the examples populate the area around
the median gap, exhibiting a steady but far slower decline. A close examination of the violin
plots for the 2D examples also reveals that the position of the peak of the distribution tends
to rise as the sequence length increases, and in fact, if we ignore the tails of the distribution,
the average gap increases rather than decreases. In interpreting this finding, it is important
to keep in mind that our dataset is composed of peptide folding problems that are hard
by design, since they have only one ground state solution (plus, in some cases, symmetry-
equivalent configurations). These problems are known to be classically very hard [I7, [I§]. In
addition to the lack of structure of NP-hard problems, the proportion of lowest-energy solu-
tions in the solution space is minimal, so randomised algorithms will find it very challenging
to find the ground state.

We characterised the scaling of the gap using regression analysis by Maximum Likelihood
Estimation (see Methods for details). Four functional forms were considered: polynomial,
2, exponential, e**, square exponential, e®*” and cubic exponential, ¢®*’. We then employed
several standard model selection criteria, detailed in Appendix [A] to select the model that
better explains the data. The polynomial model x*, with a &~ —0.75 in 2D and a =~ —0.4
in 3D, is selected by all criteria, and is significantly better than the second best model.

We also binned the data into different quantiles and repeated the inference, to account
for the inhomogeneity of the results (see Tables [lI] and in Appendix . In 2D, the
polynomial model is consistently selected across all quantiles, and in 3D, there are some
quantiles where the exponential and cubic exponential are selected, which is probably due
to the limited range of the dataset and the symmetry effect discussed above. We observed
a notable variation of the coefficients across quantiles, as depicted in Figures and [2D.
For example, the first quantile, 0-10%, with = —3.23 in 2D and a = —3.65 in 3D for

the polynomial model, contains examples whose gaps vanish at a notably larger rate. On



the other hand, the two upper quartiles (75-90% and 90-100%) display positive a values,
showing that the gap actually widens with increasing size. Only a portion of the problem
instances exhibits fast gap vanishing.

This data does not allow us to conclude that the gap vanishes polynomially. Our results
are reminiscent of a previous study on the Exact Cover problem by Young et al. [34], [35]. In
that study, it was described that, while the scaling of the spectral gap at small problem sizes
is consistent with a polynomial [33], at large problem sizes the scaling turns exponential.
Similarly, the fraction of problem instances exhibiting small gaps increases at large problem
size [35]. We have been unable to study the behaviour of the protein lattice problem at
greater sizes, given the large number of qubits and the difficulty of obtaining Hamiltonian
expressions beyond 9 amino acids. However, we hypothesise that the protein lattice problem
presents exponentially vanishing spectral gaps that will hinder a polynomial-time solution

by quantum annealing.

B. Zero-temperature simulations

The minimum spectral gap imposes an upper bound on the running time of the adiabatic
algorithm, but in order to understand the behaviour of the process we need to access the
evolution of the quantum state during the computational process. The numerical integration
of the Schrodinger equation is costly, making the assessment of our entire dataset of circa
30,000 peptides beyond our resources. Instead, we selected two samples based on spectral
gap values. The first sample contains the set of peptides with the smallest gaps (worst-case
set), while the second sample is a random selection of peptides (random set). In both cases,
each sample contains 100 peptides per chain length of a given dimension, giving a total of
1,400 instances.

A comparison of this sort requires optimising the annealing time to maximise the prob-
ability of success. As described by Rgnnow et al. [36], a short run can provide a small,
but sizeable probability that can be amplified by repetition. In many cases, the repetitions
amount to a much shorter runtime that a longer, quasi-adiabatic runtime. We employed
Bayesian optimisation [37, B8] to find the optimal runtime, as detailed in the Methods sec-
tion. The optimised time-to-solution metric, corresponding to the expected runtime to find

the correct solution with probability 50%, is shown in Figure ?7A.
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FIG. 3: (A, B). Distributions of the expected quantum annealing runtime 7" of the
worst-case (A) and random (B) 2D sets. (C, D). Least-squares fit of subsamples of the

data to different functional models for the worst-case (C) and random (D) sets.

The optimisation of the annealing time of an individual run has a significant impact. We
simulated a baseline experiment in which the quantum annealer was run for 1000 a. u., and
found an average improvement in the expected total runtime of 15 orders of magnitude in
2D and 10 orders of magnitude in 3D. We also find a small, but appreciable difference on
the dependence on the gap, as depicted in Table [[}

For both the 2D and 3D peptides, the worst-case set containing the smallest gaps does
not require significantly longer expected runtimes than the random set. We performed a
two-tailed Welch’s ¢ test, and found that the random and worst-case sets could not be
distinguished (p-value 0.34, average p-value of subgroup analysis 0.31). In other words, the
fact that a problem presents a very small minimum spectral gap does not necessarily indicate
it will require a long runtime. This apparently contradictory statement might be explained
by the fact that the O(A™?) scaling in relation to the spectral gap refers to the perfectly

adiabatic algorithm, while in practical terms it is not necessary to guarantee that the final
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FIG. 4: (A, B). Distributions of the expected quantum annealing runtime 7" of the
worst-case (A) and random (B) 3D sets. (C, D). Least-squares fit of subsamples of the

data to different functional models for the worst-case (C) and random (D) sets.

state has a large fidelity with the ground state, but rather to ensure that it has a sizeable
amplitude in order to obtain the expected result after enough trials. Another possibility to
note is that within the range of problem sizes we inspect there may be only one (or a few)
instances of the minimum (or near-minimum) gap occurring during the adiabatic sweep,
whereas for large problems a near-minimum gap may occur at multiple points. In addition,
the decrease by five orders of magnitude in 2D gaps discussed earlier is also markedly absent
from Figures 3JA and [3B.

We performed a scaling analysis identical to the previous section, finding that, for all
cases, either the exponential model is selected over the polynomial, or there is not a signifi-
cant difference between both of them (see Tables to in Appendix. In particular, in
2D the polynomial model z® (with a ~ 0.65) and the exponential model e** (with a ~ 0.15
cannot be separated. In 3D, an exponential model e with o ~ 0.45 is selected with high
significance.

Our findings suggest that the protein lattice problem is not as severely affected by the
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p2D p3D R 2D R 3D

Optimised time|-0.66 -0.44 0.52 0.38
Baseline -0.73 -0.34 0.62 0.30

TABLE I: Correlation coefficients between expected runtime and gap, for the results
obtaining optimising the individual runtime and the results obtained with a fixed runtime
of 1,000 a.u. p is Spearman’s rank correlation coefficient between A and 7', which
describes the monotonic relationship between the two variables (p = +1 is perfectly
monotonic, p = —1 is perfectly inverse monotonic). R is Pearson’s correlation coefficient

between log;, (é) and log,, T’

vanishing of the spectral gap, as might have been expected. Problems with gaps smaller
than 1072 a.u. (and down to 107® a.u.) do not take significantly longer than problems
with a median gap of 0.22 a.u. Moreover, we have established that the adiabatic algorithm
displays an exponential scaling, albeit with a small rate constant. This analysis suggests

that the adiabatic algorithm has a milder scaling than previously expected.

C. Comparison with simulated annealing

We have observed that quantum annealing requires exponentially growing runtimes to
find the ground state of a protein lattice model, even in the small range of lengths explored in
our dataset (see Figures|3|and . Assuming this remains true of larger systems, as one would
expect, it precludes an exponential speedup, since enumerating all possible conformations
of a lattice model has the same asymptotic complexity. However, an algorithm which scales
significantly better, that is, with a far smaller exponential rate o than the classical case
could still be useful for practical applications.

In this section, we compare quantum annealing with classical simulated annealing using
the data displayed in Figures [fl and [} Unlike other comparisons of quantum annealing and
classical simulated annealing (e.g. [39]), we have not constrained the classical approach to
solve a problem in the Ising form. More importantly, we consider a NP-hard problem, as
opposed to previous work by Albash et al. [39] that considered simpler problems.

The distributions presented in Figures and show a rapidly growing number of
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FIG. 5: (A, B). Distributions of the expected classical simulated annealing number of
evaluations NV of the worst-case (A) and random (B) sets. (C, D). Least-squares fit of
subsamples of the data to different functional models for the worst-case (C) and random

(D) sets.

evaluations. Visually, the runtime appears to display worse-than-exponential growth. Our
model comparison analysis (see Tables to [ XI|in Appendix finds that, in all cases, the
model fits to a square exponential e*** with a high level of significance (and this behaviour
is reproduced at every quantile).

There are some theoretical arguments (e.g. [40]) which conjecture that simulated an-
nealing converges in exponential time. The square exponential fit found by our statistical
analysis could be an artifact of parameter optimisation (note that we optimise four param-
eters for a single simulated annealing run, as opposed to only one in quantum annealing).
This anticipates that quantum annealing provides a better scaling. Our results are made
stronger by the fact that in this analysis we have considered only the number of evaluations
of the energy function; however, the cost of evaluating this energy increases with growing
length.

These findings suggest that quantum annealing has an improved performance over sim-
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FIG. 6: (A, B). Distributions of the expected classical simulated annealing number of
evaluations NV of the worst-case (A) and random (B) sets. (C, D). Least-squares fit of
subsamples of the data to different functional models for the worst-case (C) and random

(D) sets.

ulated annealing. Over the system sizes we examined, the runtime of quantum annealing
scales approximately exponentially, while simulated annealing shows a rapidly growing func-

tion that fits better to a double exponential.

III. DISCUSSION

In this article, we have presented a numerical investigation of the adiabatic quantum algo-
rithm applied to protein lattice models. We have considered nearly 30,000 protein sequences,
each with a unique global energy minimum, which represent realistic protein problems dis-
playing a folded state, but are also high difficulty instances of a NP-hard problem.

We first turned our attention to the minimum spectral gap, a quantity connected the-
oretically to the runtime of a perfect adiabatic computer. We have observed that the gap

for these protein sequences can decrease quickly in magnitude, although the scaling appears
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to be polynomial in the range of sizes considered. The polynomial scaling was confirmed
by several statistical selection criteria (detailed in the Methods section and Appendix |A)),
although comparison with prior results reported in the literature leads us to hypothesise
that the gap vanishes exponentially. We have also observed that the worst cases decrease
by five orders of magnitude between 6 and 9 amino acids. This numerical evidence shows
that adiabatic evolution of the computer, where the probability of success nears 100%, will
require rapidly growing runtimes and likely be infeasible for worst-case problems.

We then considered optimal adiabatic runs, where the computer is run for a shorter time
to produce a small, but sizeable probability of success that is amplified by repetition. We
have established that this runtime grows exponentially with peptide length, although the
rate of growth was far smaller than the gap analysis suggested. This exponential rate was
found to be approximately equal to 0.15 for 2D examples and approximately 0.75 for 3D
instances. We also found statistical evidence that peptides with very small gaps are not
significantly harder than average cases, and that the exponential rates are almost identical
for these two datasets.

A comparison with classical simulated annealing on our dataset shows that the adiabatic
algorithm is preferable. Statistical modelling seems to suggest that the scaling of simulated
annealing fits best to a square exponential, oo’ although theoretical arguments lead us to
expect this behaviour to become exponential with a large rate as problem size increases. This
implies that for large peptide sizes, an adiabatic quantum computer may take significantly
less time than a classical machine running a stochastic algorithm.

One of the reasons why quantum annealing may prove useful for protein folding and
structure prediction is the limited size of interesting problems. More than half the structures
deposited in the Protein DataBank contain fewer than 500 residues, and 80% of the domains
in the CATH database [41] are smaller than 200 residues. Similarly, the average length of a
human protein (from sequences deposited in NCBI) is 480 amino acids. Even if the scaling
of quantum annealing is exponential, as long as the exponential rate is low enough to fold
small proteins or domains in a timely fashion, this approach will be useful for a multitude
of practical problems.

There are other advantages to quantum annealing that could be explored further. When
the adiabatic algorithm fails, the system has been excited to a higher energy state, but

although this will only be a local minimum, it may still be useful. For example, if this result
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is used in a bottom-up approach to explore the conformational space of a protein, it may
still be a good starting point for more complex simulations. In contrast, classical simulated
annealing is not guaranteed to provide a solution that is close to the global minimum.

We believe these results suggest that adiabatic approaches to quantum optimisation may
be a powerful heuristic approach to solve the protein lattice problem. The difficulties of
the quantum approach are shared by the classical simulated annealing approach, while the
scaling is better. Moreover, even in cases where the adiabatic approach fails, it can provide
solutions that despite not being equivalent to the global minimum, are very close to it, and
may be useful in a subsequent refinement procedure. These findings offer encouragement
for further research in quantum protein lattice folding and other hybrid quantum-classical

algorithms for protein structure prediction.

IVv. METHODS
A. Problem instance generation

Small peptide sequences with a unique global energy minimum (UGEM) have been shown
to display the properties of real proteins [28]. To produce a large dataset of UGEM problem
instances, we generated protein sequences by random sampling with replacement of the 20
standard amino acids (ARNDCQEGHILKMFPSTWYV). The states of these instances were
enumerated by a brute force algorithm, scoring the energies using the Miyazawa-Jernigan
20-amino acid model [42], and all the sequences with two or more non-equivalent minimum
energy conformations were rejected.

These sequences have to be mapped to an algebraic expression representing the couplings
between individual spins in a programmable Ising model. This expression is often known as
a Polynomial Unconstrained Binary Optimisation (PUBO) [43]. We employ here the turn
encoding approach by Babbush et al. [20], which displays the highest reported efficiency
in the number of qubits. We employed a modified version of SymEngine [44], a computer
algebra system (CAS) developed in C++, to build the Hamiltonians. This modified version
exploits the idempotency of binary variables leading to up to a five orders of magnitude
speedup.

The code used to produce these Hamiltonians, as well as the modified version of



15

SymEngine, are available at https://github.com/couteiral/proteinham.

B. Gap evaluation

We studied the protein Hamiltonians using numerical diagonalisation. An arbitrary
Hamiltonian can be represented by a 2V x 2V matrix, which can reach several terabytes
for some of the peptides in our study. However, every annealing trajectory in this study can

be represented by a time-dependent operator of the form:

t t
H(t> = <1 - T) Hstart + THprotein (1>

N

Hstart = Z (I - O—ZI) (2)

=1

where T' is the total annealing time, [ is the identity operator in the N-spin space i.e.

Izll®12®...]]\[, o?

)

is the Pauli X matrix applied to the ith spin in N-spin space, i.e.

of = ;;11 I®o, ®®sz1- 41 I, and  is the instantaneous time, the independent variable. For

convenience, since energy levels do not depend on annealing speed, we define the annealing
progress § = :% The choice of annealing trajectory is motivated by early proposals [12],
and is the only available trajectory in D-Wave processors [45]. The relative disadvantage of
stoquastic Hamiltonians of the form in equation [2| has been discussed elsewhere [29, 146, [47].

The annealing trajectory defined by equations [1| and [2| can be represented by matrices
whose sparsity grows as O(2"). Sparse matrix methods allow improvements of three to
four orders of magnitudes in memory usage. We used the Krylov-Schur method [48], [49], as
implemented in the SLEPc package [48, 50], to calculate the eigenvalues at different times
of the annealing trajectory. We computed the eigenvalues in increments of 0.1 units, and
interpolated the results using cubic splines. The gap was found as the minimum energy

difference between every curve that ran into the ground state at the end of the evolution,

and any other curve.

C. Quantum annealing simulation

We simulated an idealised quantum annealer at zero temperature, in the absence of noise,

and with perfect control over couplings. This was achieved by numerical integration of the
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time-dependent Schrodinger equation:

dwy
E——iH () |v) (3)

were, H(t) is the time-dependent Hamiltonian defined in equation . We integrated
this equation using the Runge-Kutta 5 order method with adaptive timestepping, as im-
plemented in the PETSc package [51, 52]. Runge-Kutta methods have been previously
validated for studying adiabatic evolution [53]. At the end of the evolution, the final state
|U(t =T)) is a vector of amplitudes ¥; whose square modulus |¥?| is the probability of
measuring a particular binary string in the device.

Several authors have attested the need to use optimal time-to-solution (TTS) metrics
to assess the scaling of an adiabatic algorithm, e.g. [36, B9]. We employed the Bayesian
optimisation package GPyOpt [38] to optimise the annealing time 7. We defined an opti-
misation domain between 0.1 and 1,000 a.u., which was considered acceptable after initial
exploration, and ran the algorithm for a maximum of 50 iterations. Default parameters were

used otherwise.

D. Classical simulated annealing

We implemented an energy routine in C++ and tested it against several manual exam-
ples. We employed the gsl_siman.h module of the GNU Scientific Library for the classical
simulated annealing subroutine. Parameters were optimised using Bayesian optimisation as
in the previous subsection. The probability of success was estimated from a sample of 100

replicas.

E. Statistical analysis

We performed a non-linear least squares fit of our data using the Imfit library [54]. We
considered four functional models: polynomial, x®, exponential, e*, square exponential,

2
azr
(&

and cubic exponential, ¢®*’. The function was augmented by a constant (3, which was
set to the average value of the dependent variable for a given length.
We employed three statistical model selection criteria to decide the function that provided

the best explanation of the data: the Akaike information criterion (AIC), the Bayesian
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information criterion (BIC), and the mean squared error (MSE) of the means. The last
method was chosen because of the nature of the dataset: the independent variable is discrete,
hence the model only provides the prediction for 4 values (3 in 3D). Thus, understanding
how the real means differ from the predicted means provides useful information for model
selection.

In addition, in the analysis of quantum annealing and classical simulated annealing data,
given the reduced size, we applied an outlier removal procedure: at every length, we kept
only datapoints contained in p & 2.50. This procedure was not necessary in the analysis of

spectral gap data, given the amount of data.

Acknowledgments

C. O. would like to thank F. Hoffmann-La Roche, UCB and the UK National
Quantum Technologies Programme for financial support through an EPSRC studentship
(EP/M013243/1). G. M. M. thanks the EPSRC and MRC for support via EP/L016044/1
and EP/S024093/1. S. C. B. acknowledges support from the EU Flagship project AQTION,
the NQIT Hub (EP/M013243/1) and the QCS Hub. The authors would like to thank Daniel

Nissley and Niel de Beaudrap for useful discussions.

[1] D. L. Nelson, A. L. Lehninger, and M. M. Cox, Lehninger’s Principles of Biochemistry.
Macmillan, 2008.

[2] S. Jones and J. M. Thornton, “Principles of protein-protein interactions,” Proceedings of the
National Academy of Sciences, vol. 93, no. 1, pp. 13-20, 1996.

[3] H. Jhoti and A. R. Leach, Structure-based Drug Discovery. Springer, 1 ed., 2007.

[4] C. Zeymer and D. Hilvert, “Directed evolution of protein catalysts,” Annual Review of Bio-
chemistry, vol. 87, pp. 131-157, 2018.

[5] T. L. Blundell, “Protein crystallography and drug discovery: recollections of knowledge ex-
change between academia and industry,” IUCrJ, vol. 4, no. 4, pp. 308-321, 2017.

[6] J.-P. Renaud, A. Chari, C. Ciferri, W.-t. Liu, H.-W. Remigy, H. Stark, and C. Wiesmann,

“Cryo-EM in drug discovery: achievements, limitations and prospects,” Nature Reviews Drug



[13]

[14]

[16]

[17]

[18]

18

Discovery, vol. 17, no. 7, pp. 471-492, 2018.

UniProt Consortium, “UniProt: a worldwide hub of protein knowledge,” Nucleic Acids Re-
search, vol. 47, no. D1, pp. D506-D515, 2019.

H. M. Berman, P. E. Bourne, J. Westbrook, and C. Zardecki, “The Protein Data Bank,” in
Protein Structure, pp. 394-410, CRC Press, 2003.

J. C. Kendrew, G. Bodo, H. M. Dintzis, R. Parrish, H. Wyckoff, and D. C. Phillips, “A three-
dimensional model of the myoglobin molecule obtained by x-ray analysis,” Nature, vol. 181,
no. 4610, pp. 662—666, 1958.

K. A. Dill and J. L. MacCallum, “The protein-folding problem, 50 years on,” Science, vol. 338,
no. 6110, pp. 1042-1046, 2012.

L. A. Abriata, G. E. Tamo, and M. Dal Peraro, “A further leap of improvement in tertiary
structure prediction in caspl3 prompts new routes for future assessments,” Proteins: Struc-
ture, Function, and Bioinformatics, vol. 87, no. 12, pp. 1100-1112, 2019.

E. Farhi, J. Goldstone, S. Gutmann, and M. Sipser, “Quantum computation by adiabatic
evolution,” arXiv preprint quant-ph/0001106, 2000.

M. Born and V. Fock, “Beweis des Adiabatensatzes,” Zeitschrift fir Physik, vol. 51, no. 3-4,
pp- 165-180, 1928.

K. F. Lau and K. A. Dill, “A lattice statistical mechanics model of the conformational and
sequence spaces of proteins,” Macromolecules, vol. 22, no. 10, pp. 3986—-3997, 1989.

J. Skolnick, A. Kolinski, D. Kihara, M. Betancourt, P. Rotkiewicz, and M. Boniecki, “Ab
initio protein structure prediction via a combination of threading, lattice folding, clustering,
and structure refinement,” Proteins: Structure, Function, and Bioinformatics, vol. 45, no. S5,
pp- 149-156, 2001.

T. Hoque, M. Chetty, and A. Sattar, “Extended HP model for protein structure prediction,”
Journal of Computational Biology, vol. 16, no. 1, pp. 85-103, 2009.

W. E. Hart and S. Istrail, “Robust proofs of NP-hardness for protein folding: general lattices
and energy potentials,” Journal of Computational Biology, vol. 4, no. 1, pp. 1-22, 1997.

B. Berger and T. Leighton, “Protein folding in the hydrophobic-hydrophilic (HP) model is
NP-complete,” Journal of Computational Biology, vol. 5, no. 1, pp. 27—40, 1998.

A. Perdomo, C. Truncik, I. Tubert-Brohman, G. Rose, and A. Aspuru-Guzik, “Construction

of model hamiltonians for adiabatic quantum computation and its application to finding low-


http://arxiv.org/abs/quant-ph/0001106

[20]

[21]

22]

19

energy conformations of lattice protein models,” Physical Review A, vol. 78, no. 1, p. 012320,
2008.

R. Babbush, A. Perdomo-Ortiz, B. O’Gorman, W. Macready, and A. Aspuru-Guzik, “Con-
struction of energy functions for lattice heteropolymer models: a case study in constraint satis-
faction programming and adiabatic quantum optimization,” arXiv preprint|arXiv:1211.3422,
2012.

T. Babej, M. Fingerhuth, et al., “Coarse-grained lattice protein folding on a quantum an-
nealer,” arXiv preprint|arXiv:1811.00715, 2018.

A. Perdomo-Ortiz, N. Dickson, M. Drew-Brook, G. Rose, and A. Aspuru-Guzik, “Finding
low-energy conformations of lattice protein models by quantum annealing,” Scientific reports,
vol. 2, p. 571, 2012.

A. Robert, P. K. Barkoutsos, S. Woerner, and I. Tavernelli, “Resource-efficient quantum
algorithm for protein folding,” arXiv preprint arXiv:1908.02163, 2019.

V. K. Mulligan, H. Melo, H. I. Merritt, S. Slocum, B. D. Weitzner, A. M. Watkins, P. D. Ren-
frew, C. Pelissier, P. S. Arora, and R. Bonneau, “Designing peptides on a quantum computer,”
bioRxiv, 2019.

D. A. Lidar, “Towards fault tolerant adiabatic quantum computation,” Physical Review Let-
ters, vol. 100, no. 16, p. 160506, 2008.

K. L. Pudenz, T. Albash, and D. A. Lidar, “Error-corrected quantum annealing with hundreds
of qubits,” Nature Communications, vol. 5, p. 3243, 2014.

S. Lloyd, “Universal quantum simulators,” Science, vol. 273, pp. 10731078, 1996.

K. A. Dill, S. Bromberg, K. Yue, H. S. Chan, K. M. Ftebig, D. P. Yee, and P. D. Thomas,
“Principles of protein folding — a perspective from simple exact models,” Protein Science,
vol. 4, no. 4, pp. 561-602, 1995.

T. Albash and D. A. Lidar, “Adiabatic quantum computation,” Reviews of Modern Physics,
vol. 90, no. 1, p. 015002, 2018.

W. Van Dam, M. Mosca, and U. Vazirani, “How powerful is adiabatic quantum computation?,”
in Proceedings 42nd IEEE Symposium on Foundations of Computer Science, pp. 279-287,
IEEE, 2001.

W. van Dam and U. Vazirani, “Limits on quantum adiabatic optimization,” Unpublished

manuscript, 2001. https://people.eecs.berkeley.edu/~vazirani/pubs/qao.pdf Re-


http://arxiv.org/abs/1211.3422
http://arxiv.org/abs/1811.00713
http://arxiv.org/abs/1908.02163
https://people.eecs.berkeley.edu/~vazirani/pubs/qao.pdf

33]

[37]

[42]

20

trieved 10" March, 2020.

B. W. Reichardt, “The quantum adiabatic optimization algorithm and local minima,” in
Proceedings of the thirty-sizth annual ACM symposium on Theory of Computing, pp. 502—
510, ACM, 2004.

E. Farhi, J. Goldstone, S. Gutmann, J. Lapan, A. Lundgren, and D. Preda, “A quantum adi-
abatic evolution algorithm applied to random instances of an np-complete problem,” Science,
vol. 292, no. 5516, pp. 472-475, 2001.

A. P. Young, S. Knysh, and V. N. Smelyanskiy, “Size dependence of the minimum excitation
gap in the quantum adiabatic algorithm,” Physical Review Letters, vol. 101, no. 17, p. 170503,
2008.

A. Young, S. Knysh, and V. Smelyanskiy, “First-order phase transition in the quantum adia-
batic algorithm,” Physical Review Letters, vol. 104, no. 2, p. 020502, 2010.

T. F. Rgnnow, Z. Wang, J. Job, S. Boixo, S. V. Isakov, D. Wecker, J. M. Martinis, D. A.
Lidar, and M. Troyer, “Defining and detecting quantum speedup,” Science, vol. 345, no. 6195,
pp. 420424, 2014.

B. Shahriari, K. Swersky, Z. Wang, R. P. Adams, and N. De Freitas, “Taking the human out
of the loop: a review of Bayesian optimization,” Proceedings of the IEEE, vol. 104, no. 1,
pp. 148175, 2015.

The GPyOpt authors, “GPyOpt: a Bayesian optimization framework in Python.” http:
//github.com/SheffieldML/GPyOpt, 2016.

T. Albash and D. A. Lidar, “Demonstration of a scaling advantage for a quantum annealer
over simulated annealing,” Physical Review X, vol. 8, no. 3, p. 031016, 2018.

S. Rajasekaran, “On the convergence time of simulated annealing,” Technical Reports (CIS),
p. 356, 1990.

F. M. Pearl, C. Bennett, J. E. Bray, A. P. Harrison, N. Martin, A. Shepherd, I. Sillitoe,
J. Thornton, and C. A. Orengo, “The CATH database: an extended protein family resource
for structural and functional genomics,” Nucleic Acids Research, vol. 31, no. 1, pp. 452-455,
2003.

S. Miyazawa and R. L. Jernigan, “Estimation of effective interresidue contact energies from
protein crystal structures: quasi-chemical approximation,” Macromolecules, vol. 18, no. 3,

pp. 534-552, 1985.


http://github.com/SheffieldML/GPyOpt
http://github.com/SheffieldML/GPyOpt

[43]

[44]

[45]

[49]

[50]

[51]

[55]

21

D-Wave Systems, Inc., “D-Wave problem-solving handbook.” https://docs.dwavesys. com/
docs/latest/doc_handbook.html, 2019. Retrieved 10" March, 2020.

O. ertk, “SymEngine.” https://github.com/symengine/symengine/, 2012-2020. Retrieved
15t April, 2019.

D-Wave Systems, Inc., “Technical description of the D-Wave quantum processing unit.”
https://docs.dwavesys.com/docs/latest/doc_gpu.html, 2019. Retrieved 10" March,
2020.

T. Albash, “Role of nonstoquastic catalysts in quantum adiabatic optimization,” Physical
Review A, vol. 99, no. 4, p. 042334, 2019.

L. Hormozi, E. W. Brown, G. Carleo, and M. Troyer, “Nonstoquastic hamiltonians and quan-
tum annealing of an Ising spin glass,” Physical Review B, vol. 95, no. 18, p. 184416, 2017.

V. Hernandez, J. E. Roméan, A. Tomés, and V. Vidal, “Krylov-Schur methods in SLEPc¢,”
Universitat Politecnica de Valencia, Tech. Rep. STR-7, 2007.

G. W. Stewart, “A Krylov-Schur algorithm for large eigenproblems,” SIAM Journal on Matriz
Analysis and Applications, vol. 23, no. 3, pp. 601-614, 2002.

V. Hernandez, J. E. Roman, and V. Vidal, “SLEPc: a scalable and flexible toolkit for the solu-
tion of eigenvalue problems,” ACM Transactions on Mathematical Software (TOMS), vol. 31,
no. 3, pp. 351-362, 2005.

S. Abhyankar, J. Brown, E. M. Constantinescu, D. Ghosh, B. F. Smith, and H. Zhang,
“PETSc/TS: a modern scalable ODE/DAE solver library,” arXiv preprint arXiv:1806.01437,
2018.

S. Balay, S. Abhyankar, M. Adams, J. Brown, P. Brune, K. Buschelman, L. Dalcin, A. Dener,
V. Eijkhout, W. Gropp, et al., “PETSc users manual,” 2019.

E. Farhi, J. Goldstone, and S. Gutmann, “A numerical study of the performance of a quantum
adiabatic evolution algorithm for satisfiability,” arXiv preprint quant-ph/0007071, 2000.

M. Newville, T. Stensitzki, D. B. Allen, M. Rawlik, A. Ingargiola, and A. Nelson, “LMFIT:
non-linear least-square minimization and curve-fitting for Python,” Astrophysics Source Code
Library, 2016.

Schrodinger, LLC, “The PyMOL molecular graphics system, version 2.4.0a0.” November 2015.


https://docs.dwavesys.com/docs/latest/doc_handbook.html
https://docs.dwavesys.com/docs/latest/doc_handbook.html
https://github.com/symengine/symengine/
https://docs.dwavesys.com/docs/latest/doc_qpu.html
http://arxiv.org/abs/1806.01437
http://arxiv.org/abs/quant-ph/0007071

Appendix A: Model comparison raw data

22



23

"UOLIDILID UOI109[9s [opowr Je[noired ® Aq parrejerd [opouwt o) 9jedipul om ‘proq uy ‘swejqoid umjord (g Jo joseiep

9} I0J ‘9)R)S POIIOXD JSIY O} PUR 9)R)S PUNOIS o) Usom)aq des [reijoods wnwrurur oy} 10J s11 [RI1)S13RIS JO o[qR], [ A 1dV.L

9P8GT'T v$v66°¢€ 96GCT°¢ Va166°1 698GT°1 GEIG8C 6952991 (107 HSIN
¢8798°0 1802EV 919€c’€ 80048°T 8L2¢98°0 69¢V.L°C 699.¢° 8T w07 HSIN
L966€°0 L86E8Y 0966€°¢ V6LL9°T €L26€°0 L8916°¢ 28T6.L°0¢ z0° HSIN
0980¢2°0 €0260°6G L8CLV'E GVLBS'T €110C°0 VESISC 8VGEV CC ol HSIN
GT'7888 09°68L1- 86°E8EV- €0°¢606- 718806~ L6991 L8°9¢0€ (707 ord
0€799€8 V1681~ 09°€cri- LG T16C6- ¢S'L929- T1°GES- G9°9LLC 207 o1d
08°L29L 96 110¢- €G°89¥7- 9¢ 1856~ 086778~ EVEV8I- 07°98¢€¢ z0° oId
08°8CV . €0°1.L0¢- IV e8vy- 89°60.L6- 9L°7€96- 6¥°09%¢c- €9°G1¢CC ol ord
€4°9.88 E€6'V6LT- TL°68€V- L¢°8606- 8¢ 7608- 8641 G4 1C0¢ (707 oIV
L9"8TEY LV V881~ €€°6CT- 167,636~ 9L.°€L29- 78074~ €E'TLLS L207? oIV
L1°0L9L 68°910¢- 9C VLYV 06°L8G6- V. GGY8- 916781~ 80°18€¢C z0° oIV
LT'TCVL 9€°9.0¢- VI'88V¥- C6°GTL6- 00°T¥96- ¢<C'99%G¢- 0€°01¢c ol oIV
100°0 + I¥0°0—(T00°0 + 810°0{T00°0 F 800°0{000°0 + 600°0— 1000 F &¥0°0—|T00°0 + 880°0—|S00°0 F I8T'0—|| av? 0
¢00°0 +9¢1°0—|€00°0 + LS0°0|100°0 + S¢0°0| 10070 + 6¢0°0—|100°0 + 0€1°0—(€00°0 + 69¢°0—(C10°0 F+ ¢SS0~ | _ao? 0
G000 +99€°0—|L00°0 + €21°0|700°0 + €20°0|¢00°0 + 880°0—|€00°0 + 6L€°0—|L00°0 + 18L°0—|8¢0°0 +86S'T—|| a0° 0
0TO0 + ¢9L°0—|€T0°0 + T9€°0(800°0 + 8¥1°0|S00°0 + ¥81°0—|S00°0 + 6LL°0—|C10°0 + G09'T—|€G0°0 + 98C'€—|| o¥ 0
[m4 %00T-06 %06-GL %S4L-0G %06-4G¢ %Sc-01 %0T1-0 [PPOIN || Tojotreled




24

"UOLIDILID UOI109[9s [opowr Je[noired ® Aq parrejerd [opow o) 9jedipul om ‘proq uy ‘swe[qoid umjord (J¢ Jo joseiep

9} J10J ‘9)R)S POIIOXO JSIT O} PUR 9)R)S PUNOIS o) Uoam)o( des [eijoods wnwiruru oY) I0J S1 [RI1ISIFRIS JO 9[qR], 11 HI1dV.L

L8890°0 ICoOvT'v LSITL € 066711 01v9€°0 ¥01S0°¢C CcSGLG0'91 w07 HSIN
9¢cv0°0 6V1997 cr96°€ G909T'T G984¢€°0 T9981°¢C GO6ST LT w07 HSIN
¢1600°0 G9€1E G €9991 ¥ LGGTT'T VLvYE 0 TSETEC V1€G0°8T z0° HSIN
16100°0 08LL7°G STIVL'Y 06890°T CILEE 0 E0VIEC 6CCV6 L1 ol HSIN
¢G'8I19 V78911~ €C°0LLE- Vv €CLy- 16,678~ 9¢'80¢¢- T9°GICT (70 old
¢1'1¥09 8V GVaI- ¢€'0cEY- €6°8997- 996986~ 08°¢€6¢- 6774l w07 old
¢CVv6s 69°GVce- C6°TLI9V- 90" 78V - €¢'90v¢l- ¢E €407~ 8C°L66 z0° oId
€6°CC6¢ 6€°9LVC- ECIEVY- GLELEY- c9°L6LCT- TL €91V~ 16°9¢0T ol old
G9°01T19 TL°ELTT- 06°GLLE- €9°6CLV- 60797 8- €6°€1ce Ge0Tat (70 DIV
GG €e0n9 [ZA05 5 66°GCEY- ¢1°GL9Y- ¥8°GL86- LV"8E6C- [44iiq! 207 DIV
G9°9€69 96°09¢c- 6SG°LLIT- Gc 06V~ GV eIvel- 668507~ T0°C66 x0° DIV
9€'G16¢ 99'I8V¢- 00°LETP- V6°6LEV- I8°€08CI- 6€°691V- 79 Tc0T ol DIV
¢00°0 +950°0—(¥00°0 + ¥61°0{¢00°0 + 08T°0{¢00°0 +¢L0°0|{100°0 + ¥¢1°0—|€00°0 + 1€¢°0—(010°0 F €5G5G°0— | ao? 0
70070 + LTT°0—|L00°0 + €0%°0{€00°0 + €9€°0|¥00°0 + 6€1°0|¢00°0 + ¥5¢°0—|S00°0 + €L¥°0—|L10°0 F TCT'T—|| _20? 0
800°0 + T€¢'0—|0T0°0 + 86.°0/900°0 + 089°0(L00°0 + 6€¢°0|200°0 + 167°0—{L00°0 + T16°0—|6¢0°0 + IET'C—|| 2v0? 0
7100 + €0¥7°0—|GT0°0 F+ L6E'T|0TO0 F+ 9T T|¢10°0 + T6€°0|700°0 + 048°0—|TT0°0 + GLS' T—|T1G0°0 F G99°€—| o® 0
o %00T-06 %06-GL %S4L-0G %06-G¢ %Sc-01 %01-0 [PPON || 1ojotre.red




25

"UOLISILID UOI109[8s [opowr re[noired v Aq porrsjord [opoulr o) 9)edIpul

oM ‘ploq UJ "(Jg Ul JoSejep 9sed-1SI0oM o1} I0] dwjunl Suresuue wmjuenb pajoadxe o1} I0J s)J [ed1)sI3e)s Jo o[qe], AT A TIV.I

9€r<0°0 89ST7°0 69791°0 G6¢90°0 €LE80°0 SYIrL 0 8¢19¢°0 (w07 HSIN
0¥4¢0°0 ¢08S¥°0 veov1o ¢1G€e0°0 ¥9950°0 1922170 T909¢°0 w0? HSIN
26000°0 98GL7°0 LGOET 0 EVITO0°0 GLCE0'0 66CTIT°0 90¢.¢°0 02 HSIN
9¢c00°0 7€087°0 ¢60€T°0 ¢Scl10°0 06¢€0°0 9L71IT°0 ¥€¢8¢°0 ol HSIN
Gy°GeIl- GG'16- V& 9LT- Gaeve- 9L°6€7- Gc'0Le- 988V 1- (707 old
VO'€E8TI- 87011~ 1€11¢- 80°L07- 67 887~ 80°6L¢- 9L°8¥1- w0? old
V¢ '6€CI- 14044 86°V8C- ye0€s- 17684 08°98¢- LG8V~ z0° oId
90°9¢¢T- 1€ SV1- 16'V.¢- G€'GCa- T0°019- ¢8°48¢- 10°8V1- ol old
07 6¢TT- V¢ €6- LC'8LI- 60°C4€- e€e ey 1€¢Le- Gg'0StT- (w07 DIV
669811~ L1°CIT- Ve €1 ¢9'607- 90° 167~ VI8¢ S 0ST- z0° DIV
6T°EVCI- €8°GV1- T10°L8¢- 80°€€G- 8¢ C6G- 98°88C- 96°671- z0° DIV
10°0¥¢1- 00°LVT- ¥6°9L¢- 68°L2S- LS°C19- 88°L8¢- 0L°6¥1- ol oIV
100°0 + 810°0{€00°0 + 0¥0°0{¢00°0 + 0€0°0{100°0 + T€0°0{T00°0 + ¢T0°0|{T00°0 F L00°0{¢00°0 F ¢00°0| 20 0
¢00°0 F+ #40°0{800°0 F 02T°0{¥00°0 + 680°0{<00°0 + ¥90°0{¢00°0 F 9€0°0|¢00°0 + €0°0|<00°0 + S00°0||  z0? 0
G00°0 + 671°0|€T0°0 + €EE°0{S00°0 + G¥¢'0{€00°0 + 9LT°0{¢00°0 + TOT'0{900°0 + 6S0°0|€T0°0 + 600°0| 20° 0
G¢0'0 +¢L9°0{090°0 F+ 0TG°T|L20°0 + LOT'T|{SGTO0 F G6L°0{0TO°0 + 097°0({9¢0°0 + G92°0|890°0 + T€0°0|| »T 0
g %00T-06 %06-GL %SL-0G %06-4G¢ %Sc-01 %01-0 [PPOIN || TojomreIe




26

"UOLISILID UOI109[8s [opowr re[noired v Aq porrsjord [opour o) 9)edIpul

oM ‘proq UJ "(J¢ Ul JoSejep WOopUeRI 91} I0] dWIjunl Suresuue wnijuenb pajoodxe oY) I0J S31 [e1ISTR)S JO 9[qe], ‘A A TIV.I

06¢S0°0 9L2v2’0 79060°0 ¢rLS0°0 ¢6190°0 0€c01°0 GeE’T1'0 (w07 HSIN
160€0°0 ¢995¢°0 ¢1820°0 28G€0°0 ¢L1v0°0 9¥880°0 L26ET0 w0? HSIN
¥¢800°0 LL28¢C0 L0T190°0 07€10°0 1L1¢0°0 6¢8L0°0 GG9€T 0 z0° HSIN
90L00°0 ¢876¢°0 282900 L6TTO0°0 ¢9120°0 €4180°0 67¢r1°0 ol HSIN
89°80¢T- LVV8- 18%91- ¥6°G4¢€- ¢ 1er- C¢G6LE 68°061- (707 old
0c¢'0LCT- L1°26- 98781~ 81007~ 19°€ST- VL L8¢C L6°I6T- w0? old
GRLVET- 6¢VCl- V1'6¢c- V€' 667" G9°96¥- GC'88C- V4881~ z0° oId
0€°€SET- LESET- Vs ove- Gr'crs- €4 887~ 99°08¢- V8V8I- ol old
LG°CICT- TT°98- 8L°991- Vi 8G¢€- cIvev- 1¢°18¢- €4°C61- (w07 oIV
607.LCT- 18°86- €8°981- 89°¢0¥- 11967~ €L°68¢- T19°€61- z0° DIV
VL TGET- €6°G¢T- 11°1€¢- 810G~ a1°66¥7- ¥¢'06¢- 81°061- z0° DIV
61" LSET- TO'LET- 1S°8ve- SGOVIG- €016V~ G9°¢8¢- 87981~ ol oIV
100°0 + L10°0{¥00°0 + €€0°0{¢00°0 + ¥¢0°0{100°0 + 0¢0°0{T00°0 + ¥10°0|T00°0 + 600°0|{100°0 F+900°0| 20 0
¢00°0 F ¢50°0{600°0 F 660°0{S00°0 + €£0°0{€00°0 + 850°0{¢00°0 + T¥0°0|¢00°0 + L20°0|€00°0 + 810°0|| z0? 0
¥00°0 + ¢¥1°0|L10°0 + ¢8¢°0|600°0 + €0¢°0{700°0 + T91°0{700°0 + TTT°0|S00°0 + T20°0|L00°0 + 970°0| 20° 0
0200 F¢¥9°0{990°0 + ¥6¢°T|€€0°0 + 8¢6°0{GT0°0 F+ 8CL'0[LTO0 + L67°0(GC0°0 + €T€°0|VE00 + L6T 0| »T 0
g %00T-06 %06-GL %SL-0G %06-4G¢ %Sc-01 %01-0 [PPON || 1ojomre.Ied




27

"UOLISILID UOI109[8s [opowr re[noired v Aq porrsjord [opoulr o) 9)edIpul

oM ‘ploq UJ *(J§ Ul Josejep ased-1SI0oM o1} I0] dwIjunl Suresuue wmjuenb pajoadxe o1} I0J s3J [ed1)sI3e)s Jo o[qe], :JA A TIV.I

18960°0 107110 8LT0T°0 ¥1.60°0 L0860°0 99¢01°0 87901°0 (w07 HSIN
€¥070°0 ¥6180°0 0805070 PI1¥0°0 8GEV0°0 66¢S0°0 17090°0 w0? HSIN
<¢0000°0 90.0T°0 ¢9520°0 T¢c00°0 00800°0 ¥6920°0 0LSv0°0 z0° HSIN
G2,600°0 68¢ST°0 vervro o 00€10°0 €2¢020°0 L0¥70°0 66890°0 ol HSIN
9Y'18.L- vL°0¢- ¢0'68- 68°01¢- €6°0v€- LL7Gce- GE'LET- (707 old
16°0.L8- L9°8€- 1€°201- 06°G4¢- T€°90%- LE01C 67 1¢l- w0? old
V9°LS6- L8°LG- LV'9GT- ¢l 68¢- 69°¢ce- I8 P41~ 61°¢6- z0° oId
G0vE6- 88°89- 97" L8T- L8607~ YO'vLe- €L°GET- €0°C8- ol old
G1°G8.- v1ce- 08°06- 8T €1¢- Ve eve- GG LCC- GL'8ET- (w07 DIV
68V.L8- 20°07- 60°601- 61°84¢- c9'80V- G1°¢le 68°¢cl- z0° DIV
€€°'196- L8764~ 9¢'8GT- 17 16€- 66 7¢E- 669491~ 64°€6- z0° DIV
V. LE6- 8C'0L- GC 681~ 9T°CIV- e 9LC- 1G°LET- €V'E8- ol oIV
€000 + TTT°0{€c0°0 F LZT°0|TT0°0 F 021°0{900°0 F €TI1°0{¢00°0 F L0T"0|¢00°0 +¢01°0|¥00°0 + 660°0|  an? 0
90070 + ¥¢¢°0{6€0°0 F+ ¥L2°0|810°0 + 05¢°0{800°0 + T€C0{€00°0 + TT2°0{900°0 + 861°0|0T0°0 + T61°0|| z0? 0
600°0 + ¥¢¥°0{¢S0°0 + TLG°0|610°0 + 96%°0{900°0 + S¥¥°0|010°0 + ¥8E'0|610°0 + 1G€°0|6¢0°0 + 6C€°0| 20° 0
9€0°0 F 9L9°T|TLT'0OF €7€°¢|€50°0 + ¢00°¢|Tc0°0 + €LLT|GG0°0 + T67'1({960°0 + PVET|LET0 F IVCT|| o7 0
g %00T-06 %06-GL %SL-0G %06-4G¢ %Sc-01 %01-0 [PPON || 1ojomre.Ied




28

"UOLISILID UOI109[8s [opowr re[noired v Aq porrsjord [opoulr o) 9)edIpul

oM ‘ploq UJ "(J¢ Ul Josejep Wopuel 91} I0] dwijunl Suresuue wmijuenb pajoadxe oY) I0] s) [ed1)sIyess Jo o[qe], ‘IIA A TIV.I

€6060°0 IV611°0 66760°0 G0160°0 16¢60°0 ¢0960°0 ¢0001°0 (w07 HSIN
¥€820°0 ¢cs60°0 9.7€0°0 7€820°0 ¢ET1€0°0 669€0°0 9¥€EV0°0 w0? HSIN
60900°0 61GLT°0 9.L8T0°0 €2900°0 8€CT0°0 ¢9120°0 6€¥€0°0 z0° HSIN
€8G€0°0 9809¢°0 80¢%0°0 LT9€0°0 18€70°0 0€v<0°0 160200 ol HSIN
617008~ Va€e- €9°011- 86°08¢- 81°€CE- V¢ 8¢¢- G0"G91- (707 old
17°916- LE°CE- 18°0V1- €6°C6¢E- €9°687- 8V"18¢- 97691~ w0? old
Ve'cl6- 674 96°¥€¢- 0€°LVE- ¢S LTE- TT°691- 16°G0T- z0° oId
V668~ €9°L9- 08°61¢- ¢0'0Le- vevac- 9¢'0v1- 60°68- ol old
98°€08- V6 Ve 6¢°CIT- 9¢°€8¢- Gy gce- €0°0¢¢- 97991~ (w07 oIV
60°0¢6- LL°€€- LGCrl- 1c G6¢€- 1616V~ LT €8¢ 98°0L1- z0° DIV
Cc6°GL6- 6L.°GG- cL9ge- 846V~ 08°61¢- 06°0LT- 1€°L0T- z0° DIV
01°€06- €0°69- 9¢°T¢e- 0¢°¢cLe- 19°94¢- yO¢vt- 6706~ ol oIV
€00°0 F ¢€1°0{5¢0°0 + 9ST°0{600°0 F €¥T1°0{700°0 F+ 9€1°0{€00°0 F+ 0€1°0|¢00°0 + 9¢1°0|¢00°0 + €C1°0||  an? 0
G00°0 F TLZ°0|€V0°0 + ¥E€°0|¢10°0 + 06€°0{€00°0 + €L2°0{¢00°0 + 84¢°0|¢00°0 + 8¥¢'0|¥00°0 + I¥C 0| 20? 0
800°0 + ¥05°0{GS0°0 + 889°0{L00°0 + ¥55°0|{800°0 + 66%°0{010°0 + 69¥°0|910°0 + 8¥¥°0|€20°0 + 6¢V 0| 20° 0
8€0°0 F 8L6'T|GLT°0+F GI8°¢|9€0°0 + 00¢°¢|¥S0°0 + ¢¥6°1{090°0 + 918 T|160°0 + €EL'T|CCT'0 F VP9 T|| oT 0
g %00T-06 %06-GL %SL-0G %06-4G¢ %Sc-01 %01-0 [PPON || 1ojomre.Ied




29

"UOLID)LID UOI}09[s [opowt Tefnoryred e Aq pairejord [opoul oY) 93eIIPUI oM ‘P[Oq UT "(J Ul JoSBIeP 9s8I-1SIOM

91} 10J SUI[eaUUR POJRINUIIS [BIISSB[D Ul SUOTJRN[RAd ASIOUD JO I9QUINU Pajdadxo o1} I0J S)T [BIIISIYRIS JO S[qR], ‘TITA A TIV.I

¥9¢00°0 9¢1¢0°0 0¥700°0 992¢00°0 Gce00'0 ¢6700°0 €8800°0 (w07 HSIN
€1T000°0 LG8TO0 06100°0 9T1000°0 G.000°0 ¥9200°0 ¢9900°0 w0? HSIN
G00T0°0 ¥¥79¢0°0 ¢r110°0 200100 €9010°0 98¢10°0 €€910°0 02 HSIN
LLT20°0 6€9€0°0 ¢8¢¢0°0 6.1¢0°0 €€¢c00 897200 €9.2¢0°0 ol HSIN
GEveve- 0¢'¢4e- 96°8L€- €1°G19- G¢'069- TTVEY- 96°81¢€- (707 old
eGg'v09¢- ¢0°69¢- L8°€TG- TE€v98- L9°€S6- 89'TGS- 08°99¢- w0? old
€4°GETe- 6¢ 861~ GG ECE- 1€°944- 00°€LG- LG TVE- 69°LV¢C- z0° oId
0L.°G06T- L6°CLT- L6°8L¢- 90°¢8¥- 89°667- 9¢°00€- 07'61¢- ol old
6¢ 8¢V e 68°€4¢- 66°08¢€- 99°L19- 6.°¢69- €1°9¢6v- G9°0¢ce- (w07 oIV
87°809¢- TL°0LC- 06°GCS- G8°998- 127956~ TL €SS~ 67°89¢- z0° DIV
LV'6€1¢- 86°661- G¢ qce- 78'8G4G- GG'GLG- 09°€ve- 8€°6V¢C- z0° DIV
796061~ 99VLT- 00°T8¢- 69787~ €¢'¢04- 84°¢0€- 60°T¢c- ol oIV
00070 F+ ¥T0°0{000°0 F 6T0°0{000°0 F ST0°0{000°0 F ¥T0°0{000°0 F €10°0|{000°0 + €10°0|{000°0 + T10°0|| L a0? 0
00070 F 6€0°0{100°0 F €50°0{000°0 + £¥0°0{000°0 + 0¥0°0{000°0 + ££0°0|000°0 + ¥£0°0|000°0 + T€0°0||  z0? 0
¢00°0 +00T°0{200°0 + ¥ET'0|¥00°0 + OIT'0{€00°0 + ¢0T'0{€00°0 + ¥60°0{€00°0 + 980°0|¥00°0 + 6L0°0| zv° 0
0TO0 + T€EV0|€V0°0 + ¢85°0|L20°0 + 7L¥°0{610°0 F+ T¥¥°0[LT0O°0 + 907°0(¢c0°0 + 0LE°0|¥20°0 + V€ 0| T 0
g %00T-06 %06-GL %SL-0G %06-4G¢ %Sc-01 %01-0 [PPON || 1ojomre.Ied




30

"TOLISLID UOI309[0s [opowt re[norred v Aq porrejord [opoul o) 9)eIIpUl oM ‘P[Oq U “([g UL joseiep

WOPURI 91} I0] SUIRIUUR PIJRTNUIIS [RIISSRD UI SUOIIRN[RAD ASIOUO JO Ioquunu pajoodxo o1} I0] SI1J [RIIISIIRIS JO O[qRT, :
P 3} 103 sul] PoYe[nuIs TeOISSe[D Ul SUOLYen]| JO I9q p U3 10F S [eonystye}s Jo o[qe], -X] H'TdV.L

957000 590€0°0 £0700°0 851000 €000 02500°0 960100 || wo? || HSI
gT000°0 | T96Z0°0 | 9%00°0 | ¥ZO00'0 | POT00'0 | S6£00°0 | LE6000 | oo || HSIN
£8600°0 L09€0°0 8LTT00 86000 00700 LVET0'0 098100 || 2v? | HSIN
9€020°0 FEET0'0 L6120°0 G£020°0 €3T20°0 78€T0°0 £9820°0 ol ASIN
CRTLTT- 76'€00- FE 188 68'G89- 07'STL- 90°GGT- POIIE" || a0? || OIE

vO'SheT- | 68°LET- Vg 6LY- 1€°LE8- £2°0€8- £8'87G- €S LVE- || wo? || OID
F6'0002- LLTST- 98'L62- 11085 T7°Ghe- FGve- 69°GVe- 20? OI€l
96'GTST- L0°29T- 70092 68GOV- ST 67 67°90¢- L '61G- ol OI€
€L'8LTT- 84°6G2e- 6 €8¢ 8€'889- 68°02L- L0° LG 18C18 || a0? || DIV
£6'8V€C- | £0°68T- 67 187~ 08°6€8- TL'TES- £8°0£G- LT'6VE- | o0? || DIV
£8'7002- 17°981- 18°66- 092G 687G i Lve- eeLve- w0? DIV
G8'6TST- 1L°€9T- 66'192- 88 L9V~ L6'18T- 67'30¢- 16022 ol OIV

000°0 F €10°0|T00°0 F 610°0/000°0 F F10°0{000°0 F £10°0|000°0 F 10°0{000°0 F T10°0({000°0 F 600°0|| ,a0? 0

000°0 F 9€0°0|100°0 F #50°0{000°0 F T70°0{000°0 F L£0°0[{000°0 F F£0°0|000°0 F 0£0°0[000°0 F LZ00| ,w0? 0

200°0 F 260°0/800°0 F 9£T°0/%00°0 F SOT°0/€£00°0 F ¥60°0|€00°0 F S80°0|£00°0 F £L0°0|€00°0 F 8900/ 202 0

0T0°0 F L6€°0|9%0°0 F G8G°0|L50°0 F 0SF°0|6T0°0 F F0F'0|LT0°0 F 99€°0/00°0 F 0£€°0/330°0 F 16270/ o 0

md %00T-06 %06-GL %GL-0G %042 %ST-0T %0T-0  |[PPOIN || 1030ureIR g




31

"UOLID)LID UOI}09[s [opowr Tefnoryred e Aq pairejoid [opour oY) 93eIIPUI oM ‘p[Oq UT "(J§ Ul JoSBIeP 9s8I-1SIOM

o1[1 I0] Surpeaue PaJeTNUIIS [RIISSR[D Ul SUOIIRNRAD AFIOUD JO IoqUINU Poa1dodxo o) I0] SI1] [RI1ISIIRIS JO o[qeT, :
3} 10} Sulf PoYe[NUILS [BOISSE[O UL SuOTjetn| JO Ioq p 3 10} 17 Teonsne)s Jo o[qR], -X H'T1dV.L

910000 €6¢00°0 ¢v100°0 99000°0 ¢9000°0 ¢S100°0 ¥2,¢00°0 (w07 HSIN
£0000°0 122000 ¢0100°0 .2000°0 ¢c000°0 €1100°0 6€¢00°0 w0? HSIN
¥8€00°0 66450070 €.700°0 G0v00°0 96€00°0 7870070 209000 02 HSIN
0€200°0 €€600°0 €1800°0 ¢GL00°0 0¥7200°0 7¢800°0 €7600°0 ol HSIN
90'71¢e- ¥9°8¢¢- G6'TLE- 6¢°T19- G¥°0¢9- ¥4 e8e- 88VLC- (707 old
I8°CIEC- 1€°60¢€- cScvv- TL'CTL- 60°GTL- 9€°CcSv- G9°€6¢C- w0? old
18°¢481- €L°C81- ¢lLLe 00°LG¥- €C 18y~ G€'c6¢- ¥.°60¢- z0° oId
89°€691- 86°¢I1- 1T°6v¢- V8TV~ Ve Gev- 6879¢- €9°L81- ol old
€L°L1¢¢ 00°0€¢- VL €LE- GG'€I9- €L°¢¢9- 1€¥8¢- 8¢ 9L¢- (w07 oIV
8V°91€¢C- 89°0T¢€- 0Evvv- L6'VIL- LELTL- crLvev- G0°G6¢C- z0° DIV
879481~ 0T ¥81- 06'8L¢- 9¢ 657~ 16 €87~ 11768~ G1°L0¢- z0° DIV
GE'L69T- YEVIT- 68°04¢- %1~ ¢S LEY §9°99¢- €0°68T1- ol oIV
00070 F T€0°0{T00°0 F 9€0°0{000°0 F ¥€0°0{000°0 F €€0°0{000°0 F 6¢0°0|000°0 F L0°0|000°0 + SCO°0|  a0? 0
00070 + 090°0{000°0 + T20°0{000°0 + 890°0{000°0 + ¥90°0{000°0 + ££0°0|000°0 + €50°0|T00°0 + 8¥0°0|| z0? 0
¢00°0 +80T°0{900°0 + 8¢1°0{S00°0 + TZT°0|¥00°0 + FIT'0{€00°0 + €0T°0|¥00°0 + €60°0|700°0 + 980°0| zv° 0
600°0 + ¥I¥°0{2€0°0 + €67°0(9¢0°0 + ¥97°0{610°0 + 6EV'0[LTO°0 + G6€°0{0¢0°0 + 6S€°0|¥20°0 + T€E0|| oT 0
g %00T-06 %06-GL %SL-0G %06-4G¢ %Sc-01 %01-0 [PPON || 1ojomre.Ied




32

"TOLISLID UOI309[0s [opowt re[norred v Aq porrejord [opoul o) 9)eIIPUl oM ‘P[OQ U “([€ UL joseiep

WOPURI 91} I0] SUIRIUUR PIJRTNUIIS [RIISSRD UI SUOIIRN[RAD ASIOUO JO Ioquunu pajoodxo o1} I0] SI1J [RIIISIIRIS JO O[qRT, :
P 3} 103 sul] PoYe[nuIs TeOISSe[D Ul SUOLYen]| JO I9q p 3 10F S [eonystyeds Jo o[qe], -IX H'TdV.L

L0000 65€00°0 97000 290000 L5000°0 897000 €IF000 || a0? | HSIN
900000 | €€£00°0 | 8ZT00°0 | TZO00'0 | LT000'0 | OSI00'0 | 8LE000 | wv? || SN
7LE00°0 G0L00°0 67000 16£00°0 78000 67000 12000 | =o? | HSIN
71,0070 LEOTO0 0£800°0 €000 €2L00°0 0£800°0 £50T0°0 ol ASIN
880022 64922 €z 7ge- 9L'819- P 199- LL'80F- G698~ || 0? || OIF
ve'geze- | SI-gTe- TT LGV- LOTPL- 8€°€0.L- g9 VEY- L0262~ | w0 | OId
€6e88T- 96261+ 87'28e- L LLY 0T°08F- 1970¢- L 60 20? OI€l
€T'62LT- 08°0LT- IR 0€ 087~ 98°GET- GG LLT 18161~ ol OI€
L6708 61822 1075¢- G0'TZ9- €L'€99- LG0TF- GE'8LG || ao? || DIV
£2°982C- | 69°9T¢- 06857~ 9€°9¥ L- L9°G0L- 9% 9Eh- LY'€6%- | wo? || DIV
2T L8ST- 96'€6T- 9G'78¢- €0°087- 6¢ 87~ Tr 908" €T 1Te- w0? DIV
8'TELT- 03 TLT- 25 TGT- 652ET- GT'8¢h- 9€'6L2- G E61- ol OIV
000°0 F 0£0°0|T00°0 F L£0°0|T00°0 F S€0°0{000°0 F £€0°0|000°0 F 620°0{000°0 F 920°0(000°0 F £20°0|| ,a0? 0
100°0 F 090°0{000°0 F $L0°0{000°0 F 890°0{000°0 F £90°0|000°0 F L&0°0/000°0 F 1¢0°0|100°0 F SFO°0|| z0? 0
200°0 F L0T°0/S00°0 F 2€1°0/S00°0 F 221°0/€00°0 F £1T°0{€00°0 F 20T°0[F700°0 F 160°0[700°0 F 0800/ 202 0
600°0 F 2T7°0|T€0°0 F T1S°0/S50°0 F TLF'0[8T0°0 F ¥€F°0|8T0°0 F £6€°0/060°0 F 0S€°0/330°0 F LOE'0|[ o 0
md %00T-06 %06-GL %GL-0G %042 %ST-0T %0T-0  |[PPOIN || 1030ureIR g




	I Introduction
	II Results
	A Spectral gap
	B Zero-temperature simulations
	C Comparison with simulated annealing

	III Discussion
	IV Methods
	A Problem instance generation
	B Gap evaluation
	C Quantum annealing simulation
	D Classical simulated annealing
	E Statistical analysis

	 Acknowledgments
	 References
	A Model comparison raw data

