Chapter 4

DIELECTRIC PROPERTIES,
ELECTRIC ENERGY AND FORCE

4.1 Introduction

So far, we have been analyzing various electrostatic problems by assuming an ideal (vacuum)
medium characterized by the permittivity eg. Most capacitors are filled with dielectric materials
having permittivities larger than ¢y. Coaxial cables are filled with Teflon as an insulating material
between the inner and outer conductors. Teflon has a permittivity of approximately € = 2¢5. Even
the permittivity of air is not exactly equal to €p, but slightly larger, ¢ ~ 1.0004¢p, because of
polarization of air molecules.

In this Chapter, the origin of dielectric properties will be discussed. As we will see, dielectric
properties are caused by electric dipoles either intrinsically present in molecules or induced by an
external electric field. For example, the charge distribution in a water molecule is not completely
symmetric because of the peculiar locations of two hydrogen atoms near the oxygen atom. (Fig.
4.1) A water molecule thus has a permanent dipole moment of its own. When water is placed in

an electric field, dipoles are aligned along the field which reduces the field in water, as shown in
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Figure 4-1: Permanent dipole moment of water molecule HoO is caused by the shift of center of
electron cloud relative to that of cneter of mass of the positive charges.



Figure 4-2: Dipoles placed in an external electric field are co-aligned with the field and the field in
the dielectric becomes smaller than the external field by a factor ¢/eg.

Fig. 4.2.

As an example of induced dielectric properties, let us consider a hydrogen atom. (Fig. 4.3)
In the absence of an external electric field, electron distribution about the proton is symmetric,
and the dipole moment is zero. However, when a hydrogen atom is placed in an electric field,
electron distribution is shifted opposite to the electric field, and the charge distribution is no more
symmetric. If the center of electron cloud is shifted by Az from the proton, the dipole moment

may be estimated from
p=e*Ax (4.1)

Since Az is proportional to the applied electric field, the dipole moment is also proportional to the
field. This simple case thus indicates that materials having no intrinsic dipole moments can also

behave as dielectric materials when placed in an electric field.

4.2 Potential due to Distributed Dipole Moments

In Chapter 2, we have seen that the potential due to a single dipole moment p located at the origin

is given by
1 .
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Furthermore, if many dipoles are continuously distributed with a dipole moment density P(r), the

potential can be given in the following integral form,

Byr) = — / () (e —x) (4.3)
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Figure 4-3: Left: In a hydrogen atom, the center of electron cloud coincides with the proton and
there is no dipole moment. Right: If placed in an external electric field, the center of elctron cloud
is shifted from the proton and a dipole moment is induced in the direction of the external field.

Since the dimensions of the single dipole p are C-m, the dimensions of the dipole moment density
P are C/m?, which is formally identical to the dimensions of the surface charge density o (C/m?).

The integral in Eq. (4.3) can be rewritten as
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However, the first integral in Eq. (??) can be converted into a surface integral,

[o (x (r;)'|> = (r;)w s (46)

which vanishes because the closed surface S’ is at infinity where P (r') is certainly zero. Therefore,

the potential due to a dipole moment distribution becomes

Dyfr) = - [ VPO (4.7)
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Comparing with the familiar expression for the potential due to a distributed charge,

B(r) =— / ) gy (4.8)
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we conclude that the divergence of the dipole moment density

pess =—V-P (C/m®) (4.9)



may be regarded as an effective charge density.

At this stage, it is convenient to classify electric charges depending on their freedom. Charges
supplied from a power supply are called free charges, while charges bound to molecules are called
bound charges. Bound charges are not free to move around as free charges. As long as microscopic

electrodynamics is concerned, the electric field is uniquely determined from

v-E= (4.10)
€0

in which p is the total charge, including both free and bound charges. In the presence of many

dipoles, it is more convenient to separate the charge p into free and bound charges,

PTotal = Pfree + Pbound
= Pfree — V-P (411)

Substituting this into Eq. (4.10), we obtain,

1
v.glie _Ly.p (4.12)
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or
V- (@E +P) = prec (4.13)

In practical applications, this form is more convenient since the free charge is the quantity that can
be controlled by external means (such as power supplies).

Now we introduce a new vector defined by
D=cE+P (4.14)

Maxwell coined the name ”displacement vector” for D. Although Maxwell’s physical picture for
the vector D has been largely discarded, its name is still in use for traditional reasons. In some
literature, D is called the electric flux density vector, in duality to the magnetic flux density vector,
B. Note that the vector D has dimensions of C/m? | that is, the same dimensions as the surface
charge density.

As we will see in the following Section, the dipole moment density P in ordinary materials is
proportional to the electric field E. Therefore, in most cases, the displacement vector D becomes

proportional to the electric field, and we may write
D =cE (4.15)

The proportional constant € is the permittivity. In contrast to the vacuum permittivity €y, which
is a genuine constant, the permittivity in a material may vary from place to place, since the dipole
moment density P is in general nonuniform. Furthermore, in an anisotropic dielectric material, the

permittivity is in general a tensor, D = ¢ - E.



4.3 Qualitative Estimates of Dipole Moment Density P

In this Section, we will calculate the dipole moment density P of a material placed in an electric field.
In a material consisting of molecules having no intrinsic dipole moments, dielectric properties are
entirely due to the displacement of electrons relative to ions, as briefly explained in the Introduction.
Most gases belong to this so-called ”electronic polarization” category. For simplicity, let us consider
a hydrogen gas. In the absence of external electric fields, the electron undergoes harmonic motion
about the proton with a frequency wg. An order of magnitude estimate for this frequency can be
made from the ionization energy, which is the energy required to split the electron off the proton.

The ionization energy of a hydrogen atom is about 13.6 eV, or 13.6 x 1.6 x 1071 J. Then, from
fiwo ~ 13.6 x 1.6 x 10719

where i = h/2m = 1.06 x 1073* J-sec is the Planck’s constant divided by 27, we find wg ~ 2 x 106
rad/sec.

Harmonic motion of the electron in the absence of an electric field can be described by

— +wpzr =0 (4.16)

When an electric field is applied, the center of electron harmonic motion is displaced from the
proton. We denote this displacement by Az as indicated in Fig. 4.3. Since the force exerted on

the electron by the electric field is —eE, the acceleration is given by

_fE
m

This dc acceleration must be counterbalanced by the shift Ax,
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Ar=—F 4.17
wyAx (4.17)
Then,
e
Azx = E 4.18
“ mw? (4.18)

Since the electron and proton charges are equal and opposite, the displacement Az creates a dipole

moment per hydrogen atom,
2
e
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If the hydrogen gas has n atoms per unit volume, the dipole moment density becomes

Ne?
 mw?

P

(4.20)



Substituting this into Eq. (4.14), we find,

D = oE+YSE
0
N 2
- (1 + 62> E (4.21)
which defines the permittivity
N 2
€= e <1+ c 2) (4.22)
meowg

Let us evaluate this quantity for a hydrogen gas at 0° C, 1 atmospheric pressure. The number
of hydrogen atom per unit volume is about n ~ 5.4 x 10%®/m3. Substituting e = 1.6 x 107 C,
m=29.1x1073 kg, ¢g = 8.85 x 107!2 F/m, and wg = 2 x 10'6/s, we find

neQ
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~4x107%

and the correction to the permittivity is approximately
€ ~ 1.0004¢g.

This rough estimate compares favourably with the experimental value, € ~ 1.0003¢y. Although the
correction is small, the fact that the permittivities of gases (including air) are slightly larger than €
causes observable effects, such as mirage and star twinkling. The blueness of the sky, and redness
at sunset and dawn are also caused by air molecules. Note that the correction to the permittivity
is proportional to the molecule density.

In contrast to gases, most liquids and solids consist of molecules having intrinsic permanent

dipole moments. For example, a water molecule has a dipole moment (per molecule)
p~6x10730C-m

Since the typical size of a molecule is of order 1071 m, and the characteristic charge is e =
1.6 x 10719 C, the value of the dipole moment is more or less what we expect.

In the absence of external electric fields, molecules are oriented randomly and no macroscopic
electric effects occur. Randomness is due to thermal agitation. When an electric field is applied,
dipoles tend to align themselves in the direction of electric field. Alignment will not be complete,
however, because of thermal agitation. Since thermal randomization is proportional to the temper-
ature, we expect that net alignment (which is responsible for the dipole moment density) should be
inversely proportional to the temperature. Indeed, calculation based on statistical mechanics yield
a dipole moment density, ,

Np
P = ST (4.23)
where n is the molecule density, p is the magnitude of the permanent dipole moment per molecule,
k = 1.38 x 1072 J/K° is the Boltzmann constant, and 7 (K°) is the absolute temperature. In




liquids and solids, the molecular density is of order 10%® /m? being much larger than that of gases.
Therefore, the permittivity of liquids and solids can be significantly larger than eg.

In most materials, electronic, ionic and molecular polarizations coexist. For example, the per-
mittivity of water at room temperature (for static electric fields) is about 80ep. The molecular
polarization accounts for only about 10 out of 80, and the rest is due to electronic and ionic polar-
izations of individual atoms. For theoretical prediction for dipole moments of molecules, quantum

theoretical analysis is required.

4.4 Boundary Conditions for D and E

Maxwell’s equations for static electric fields can be given either by

V-E :g (p = Pfrec T pbound) (424)
¥ x E =0 (4.25)

or by
VD= pp (4.26)

as we have seen in Sec. 4.2. Integral forms of these equations are

% E-dS :g (q = Qfree + Qbound) (427)
S €0

?{ D-dS =¢ree (4.28)
S

% E-dl =0 (4.29)
C

where ¢ is the charge enclosed by the closed surface, S. Using these integral forms, we can establish
the boundary conditions for the fields E and D on a boundary surface between two dielectric media.

Let us consider Eq. (4.27) first. We assume an electric field E; in the medium having a
permittivity €1, and Es in the medium having a permittivity €2, both near the boundary surface.

Applying the surface integral to a pill box located at the boundary, we find
dsS (Eln - Egn) =dS An p/€0 (43())

where F1, and FEs, are the components normal to the boundary surface, An is the thickness of
the pill box, and p is the charge density. As the thickness An approaches zero, it appears that the
RHS of Eq. (4.30) vanishes, but it does not if a surface charge density o (C/m?) resides on the

boundary. Therefore, we find

[oa
Ein — Eop = ; (U = Ofree T Ubound) (431)
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Figure 4-4: Gauss’ law applied to a pill box at a dielectric boundary.

Similarly, from Eq. (4.28), we find,
D1y — Doy = Ofree (432)

where oy is the surface free charge density.

Although both Egs. (4.31) and (4.32) are correct boundary conditions for the fields E and D,
Eq. (4.32) is much more useful in practical analyses because the bound surface charge opoung is
not a directly measurable quantity. If instead the vector D is used, all the effects caused by the
bound charge are incorporated in the permittivity, and only the free surface charge, o appears
in the boundary condition for D. In particular, if there are no free surface charges on a boundary,

the normal components of the displacement vector D must be continuous,
Dyp1 = Dp2 (Ufree = 0) (433)

The vanishing line integral in Eq. (4.29) can be applied to a small rectangular loop placed on
the boundary. Only the tangential components, F; and FEs:, contribute to the integral, and we
find

dl(Ey — Ea) = 0,

or

By = By (4.34)

This implies that the tangential components of the electric fields are always continuous at the
boundary. (The continuity of the tangential component of the electric field holds quite generally
even for time varying fields.)

As an example, let us analyze the fields in a capacitor partially filled with a dielectric slab as

shown in Fig. 77. For concreteness, we assume that the dielectric slab has a permittivity ke,
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Figure 4-5: Line integral, f{ E - dl =0, applied to a loop at the boundary.

where & is the relative permittivity. Normally, £ > 1. The electric field in the air regions is given
by
E,=2
€0
where o is the free surface charge density residing on the capacitor plates. Since the dielectric slab

carries no free charges, the continuity of the displacement vector
D, = Dy (4.35)

applies. The displacement vectors in each region are

D, = €Eq
Dd = K,E()Ed
Then,
1
E,=~E, (4.36)
K

and the field in the slab is indeed smaller than that in air as expected. The surface charge density

o = (1 - 1) - (4.37)

K

induced on the dielectric slab is

The potential difference between the capacitor plates is given by

1
V=(01-d)E,+dE; = [l+d<1>} g
K €0

where [ is the plate separation and d is the thickness of the slab. Assuming a plate area of A, we

thus find a capacitance
Aeg

l+d<1—1>
K

C= (F) (4.38)
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Figure 4-6: Dielectric slab (permittivity €) in a capacitor. The electric field in the slab is E' =
(eo/e)E < E.

which is consistent with the series equivalent capacitance of the two capacitors,

. EoA
C“_il—d’
_ kegA
Cy= 1

Dielectric Sphere in an External Field

As a similar, but more complicated problem, we consider a dielectric sphere of radius a and
permittivity € placed in a uniform electric field E which is directed in the +2z direction. We assume
that the sphere carries no free charges. The potential associated with the uniform electric field can

be written in the spherical coordinates as,
(I)O = —EO,Z = —E[)’F cos 0 (439)

The dielectric sphere perturbs both the external potential and electric field since surface charges

are induced by the external field. Following the procedure developed in Sec. 2.3 for the spherical

10



Figure 4-7: Dielectric sphere (radius a, permittivity ) in an external electric field Ey. Surface
charges +0 and —o are induced as shown and the perturbed potential is of electric dipole.

coodinates, we assume the total potential in the following form,

o(r, 0) +ZA1(>Plcos0) r<a
O(r,0) = (4.40)
o(r, 0) +ZA1< ) Py(cosb) r>a

In this form, the continuity of the potential at the sphere surface r = a is automatically satisfied.
Note that the continuity in the potential is equivalent to the continuity in the tangential (Ejp in
this case) electric field. The radial electric field can be found from
0P
E, =——
" or

Performing calculations, we obtain the interior and exterior electric fields,

l 1

E,i(r,0) = Egcost — ZAz—Pl(cos ) r<a (4.41)
glt1
Ere(r,0) = Egcost — Z AL+ 1) A Pi(cos®) r>a (4.42)

At the sphere surface, the normal components of the displacement vector must be continuous, that
is
EETi"r:a =€ Ere‘r:a

This yields

1
€ (Eo cosf — Z AléPl(cos 9)) =€ (Eo cos 6 + Z All%Pl(cos 9)) (4.43)
! 1
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Since cos § = Pj(cosf), only the [ = 1 terms in the summations remain nonvanishing, and all higher
order terms must vanish,

A=0 (1>2)

Aj can be found from

1 2A
€ (EO cosf — Ala 0089> =€ (Eo cosf + 0ch050>

or
€— €
A = E 4.44
YT e 2¢0 @=0 (4.44)
and the final solution to the potential becomes
—Eyrcos + €< Eorcosf, r<a
€+ 2¢g
O(r,0) = (4.45)
_ 3
—Egrcosf + :+ QESOEO% cost, r>a

Note that outside the sphere, the potential due to the dielectric sphere (the second term) is a
dipole potential. This is an expected result since on the sphere surface, equal but opposite surface
charges are induced (Fig. ??). The induced surface charge o can be found from the discontinuity

in the radial electric field

o
Ere|r:a - E”"r:a = ;

or 5
o= 606(1_22)130 cos 0 (4.46)

Let us examine a few special cases of the potential and electric field. When € = ¢, the perturbed
potential vanishes. A sphere having the permittivity ¢g has no effects on the applied potential. The
induced surface charge vanishes. There are well expected results.

When € — 00, the potential becomes

O(r,0) = , (4.47)

—E00089+E0a—20080 r>a
r

This corresponds to the potential due to a conducting sphere placed in an external electric field.

Mathematically speaking, infinitely permittive dielectrics behave as if they were conductors, as long

as the potential is concerned. However, such analogy must be used very carefully. (cf. Sec. 4.7)
When € > €g, the electric field in the sphere is smaller than the unperturbed field,

360
E;, = E 4.48
e+ 2 0 ( )
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However, the displacement vector is larger than eyEg,

€ 3e
D, = %ﬁ (4.49)
Figure 4.10 shows the electric field lines and D vector lines for the case € = 2¢y. Note that D-lines
are continuous (as they should be because we have assumed that the sphere carries no net free
charges), but the electric field lines are discontinuous at the sphere surface.
In the limit € > gg, the problem reduces to a conducting sphere placed in an electric field. The
electric field in the sphere vanishes as expecetd.
Fields Due to a Permanently Polarized Sphere
Some materials (e.g. wax, barium titanate BaTiO3) exhibit permanent polarization under
certain circumstances. Let us assume a sphere of radius a having a uniform dipole moment density
p. Excess, unbalanced surface charge to appear on the sphere surface should have the same angular
dependence as for the case of spherical dielectric placed in an external field. Therefore, outside the
sphere, the potential is of dipole nature, and inside, we should have a uniform electric field directed

in —z direction. Therefore, we may assume

Ai cos 0 r<a
a
O(r,0) = , (4.50)
A (%) cosf T>a

The radial electric fields inside and outside the sphere become

FE,.;, = ——cost r<a
‘ (4.51)
ET0:2A—C;20059 r>a
r
Recalling the definition of the displacement vector
D=¢E+P (4.52)

and imposing the continuity of the radial components of D at the sphere surface, we obtain

A A
_f i p= 2—ep
a a
or )
A=—P 4.
3e0 a (4.53)

Therefore, the electric field inside the sphere becomes

1P
Ei=——— 4.54
1 3 e (4.54)
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and the interior displacement vector is given by
D, =-P (4.55)

Note that the electric field and displacement vector are opposing each other, in contrast to the
cases of induced polarization which we have analyzed earlier. A permanently polarized body (often
called “electret” in analogy to magnet) is analogous to a permanent magnet which also exhibits
antiparallel vectors, H and B. In electrets, the permittivity e is strongly nonlinear, just like the

magnetic permeability of ferromagnetic materials.

4.5 Electric Energy

The physical meaning of the scalar potential ® is the amount of work required to move a unit
charge from one point to another, as explained in Chapter 2. Let us consider the amount of work
required to construct a two-charge system with charges ¢; and g2 separated by a distance r13. The

force to act between the charges separated a distance r is

_ng2 1
Aregr? "

F (4.56)

Then, integrating this from r = co down to r = rqs9, we find the potential energy

T121
U o— _Q1Q2/ Lo

471'6()1 o T2

q1492

= — 4.57
4meg 7’%2 ( )

This is the amount of work we have to do to bring the charge gs from r = 0o to 712 from the charge
q1-

Note that the potential energy can be either positive or negative, depending on the sign of
q1q2. A positive potential energy is obviously an energy required to assemble a charge system. A
negative potential energy must be interpreted as the amount of energy required to dismantle a
charge system. For example, a hydrogen atom consists of a proton and an electron. Therefore, the
potential energy of a hydrogen atom is negative, and to dismantle (or to ionize) the atom, a certain
amount of energy must be given to the atom. (This energy for a hydrogen atom amounts to 13.6
eV = 2.2 x107!8 J, which is not exactly equal to the potential energy

2
U=-

= -27.2¢eV (4.58)

dmegr

where rg ~ 5 x 107! m is the electron orbit radius (Bohr radius). The reason is the electron

revolving around the proton has a positive kinetic energy, and the total energy involved in a

14



hydrogen atom actually turns out to be

2
U+ K=-—

=—-13.6 eV 4.59
8megr ¢ ( )
Derivation of this expression is left for an exercise.)

The potential energy found in Eq. (4.57) is equally shared by each charge, ¢; and g2. That is,

each charge acquires the same potential energy

Up= Uy = 12 (4.60)
87T607“12
when brought to a distance r1s.
For a system containing many charges, Eq. (4.60) can be generalized as
U=S" L0 (4.61)
— 2
7

where @4 is the potential at the location ¢; due to all other charges. “Other charges” is emphasized
here because the potential of a point charge at the location of the charge itself simply diverges. In
the definition potential energy in Eq. (4.67), the “self energy” is thus excluded. For continuously

distributed charges, the summation can be replaced by an integral,

1
U= 2/CI)(I‘)p(r)dV (4.62)
However, the Maxwell’s equation
v-E=" (4.63)
€0

allows us to express the potential energy U in terms of the potential and electric field as

U:%VQVIMV (4.64)
This may be rewritten as
U = %—[V«@ﬂ-EV@dV
= %0 <I>E-dS+/€20E2dV (4.65)
where the Gauss’ theorem
/V-AdV:fA-dS
and the relation
E=-Vo

have been used. The first surface integral vanishes since the integration is to be carried out at

15



r = 0o where field and potential vanish. Therefore,
[
U= ieoE av (J) (4.66)

Note that this is positive definite, while the summation form in Eq. (4.66) can be either positive
or negative. Where have we gone wrong? Recall the conditional statement following Eq. (4.61).
In the summation form, the potential ®; is to be understood as the one at charge ¢; produced by
all other charges. In other words, in the potential ®; in Eq. (4.61), contribution from the charge
g; itself is excluded because we have no way to calculate the potential right at a point charge.
(It simply diverges for a point charge having no spatial spread.) On the other hand, the integral
form, Eq. (4.66), is baded on the assumption that the electric field is calculable from a charge
distribution through the Maxwell’s equation. Once this assumption is made, then the integral form
does contain the energy due to a point charge, although for an ideal point charge, it still diverges,
that is, an infinitely large amount of energy (positive definite!) results for an ideal point charge.
Later, we will see that even elementary particles (electron and proton) appear to have finite radii,
and such divergence of potential energy may not occur in practice.

The potential energy given in Eq. (4.66) indicates that the quantity
1
5eOEQ (J/m?) (4.67)

should have the dimensions of energy density. Wherever an electric field is present, be it of elec-
trostatic or dynamic origin, an energy density given in Eq. (4.67) is associated. It should be
emphasized that Eq. (4.67) is a correct expression if the local electric field is known even in di-
electrics. In dielectrics, however, the local (or microscopic) electric is a difficult quantity to evaluate
precisely because each dipole certainly complicates the electric field. When we talk about an elec-
tric field in a dielectric, we mean an averaged (or smooth) electric field. Therefore, Eq. (4.67),
although perfectly correct under any circumstances, is not very convenient, particularly when it is
to be applied to dielectrics. A formula based on an averaged electric field would be more convenient.

For this purpose, we replace the total charge density p with a free charge density in Eq. (4.62),

1
2/(1) Pfree av (468)

Since ppe, 1s the equantity that can be controlled by external means (e.g. power supplies), we may
interpret Eq. (4.68) as the energy supplied to a system involving dielectrics. It may not be purely
electric nature, for applying an external electric field may change mechanical and kinetic energy of
the dielectric material. Recalling

VD =pgee (469)

and following the procedure developed for arriving at Eq. (4.66), we can rewrite Eq. (4.68) as

1
2/13 Dav (4.70)
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where E and D are both understood to be the averaged electric field and displacement vector.

Therefore, in a dielectric, the total energy density is given by

1

1
;E-D :56E2 (4.71)

Remember that this may contain energies of nonelectric nature (such as kinetic energy of electrons),

as well as the electric energy.

4.6 Energy and Force in a Capacitor

As a concrete application of the energy expression, Eq. (4.70), we consider a capacitor filled with
a material of a permittivity e. When such a capacitor is charged by an external means (e.g. power

supply), the energy stored can be evaluated from

1 1
U:Q/D-EdV:2/eE2dV (4.72)

where the volume V should cover all spatial regions wherever the fields, E, D are finite.

An alternative expression for the stored energy is

(4.73)

where V is the potential difference between the two electrodes, which is related to the charge ¢
through
q=CV

Eq. (4.72) directly follows from the general formula

1
5 / @ Ptree dv

for a capacitor, the volume integral should be replaced by a surface integral
pdV — odS

since static charges can reside only on the surface of electrodes. Furthermore, the electrode surface

is an equipotential surface. Then, the potential ® can be taken out of the integral, and we have
1 1
-d ds ==
2 / d 9

Replacing ® with the potential difference V', we recover Eq. (4.73).
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Equating Eq. (4.72) to Eq. (4.73), we obtain

1 1 7
— [ eE*dV = ZCOVi=
2 / ¢ 2 20
that is, the capacitance can be found from the energy stored in a capacitor.
In order to convince ourselves that the capacitance worked out this way is consistant with the
one based on the potential calculation, we consider the coaxial cable. We have found in Sec. 3.5
that the capacitance per unit length of a coaxial capacitor of inner/out radii a/b and permittivity

€ is given by
C 2me

In (-
a
To apply the energy method, we note the radial electroc field is
Al
E,=—- b
* = 9rep (a<p<b)

where A is the line charge density on the inner electrode. Then, the energy stored in a unit length

along the axis becomes

vl

X rrdp

Equating this to

we find O e .
In < >

which is indeed consistent with the familiar expression for the capacitance.
The capacitance of a given electrode configuration is in general determined by the geometrical

factors of the electrodes. For example, the capacitance of the parallel plate capacitor is

S

C:l

(4.75)

where S is the plate area and [ is the plate separation distance. As we all know, unlike charges
attract each other. Therefore, in a parallel plate capacitor, the top and bottom plates should
attract each other. The plates themselves are subject to an expansion force, since like charges repel
each other. Here, we wish to evaluate such internal forces in a charged capacitor. In designing a

capacitor, such forces must be considered carefully to ensure mechanical strength.
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Let us consider the parallel plate capacitor. We assume that the capacitor has been charged
and disconnected from a power supply. Let us increase the separation distance by dl. In doing so,
we have to do work because of the attracting force. The work required to increase the separation
distance by dl is

dW = Fdl

where F' is the yet unknown attracting force. The change in the separation distance causes a change

in the capacitance by
€S €S
= a T
€
—Z—le

This in turn causes a change in the electric energy stored in the capacitor

12

2 2
wo- 1 1
2C+dC 2C
_ e .
202

Note that when dl > 0, dC' < 0. Then, the stored energy increases. This increase in the stored
energy should come from the work done, dW = F'dl. Then,

2
p - _1adl

2dC2 1d
N
= ¢ (C (4.76)

But the force is attracting and thus is opposite to the direction of dl. Therefore, the above result
can be generalized as
¢ d 1
F = 5 (C(l)) (N) (4.77)
This method based on virtual work can be applied to any geometrical factors contained in an
expression for a capacitance.
When a capacitor is kept connected to a power supply with a fixed potential (rather than a

fixed charge as in the above example), the force should be calculated from

v2d

F = 7@0(0

(4.78)
Either method should yield a consistent result.
When the capacitance of a parallel plate capacitor

eS

C:l
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is substituted into Eq. (4.77) or Eq. (4.78), the force in each case becomes

¢ 1

F, = -5 (4.79)
V2eS

However, since ¢ = C'V = eSV/I, these expressions are identical, although the dependence on the

separation distance [ is entirely different in both cases.

Example: Calculate the force to act between two, long, oppositely charged parallel lines of radii

a and separation distance D(>> a).

The capacitance of this configuration has been calculated in Sec. 3.5, and given by

C__m™_ (psa) (4.81)

foe(d)

If the potential difference between the lines are fixed at V', we obtain from Eq. (4.78),

PV mq
I 2dD <D>
In| —
a
2
- _“‘%V‘ ! (N/m) (4.82)

o (2)]

The negative sign indicates an attractive force as expected. The reader should numerically check
that this force is not excessively large even for a typical high voltage power transmission line.

Let us go back to the parallel plate capacitor. The force to act on either plate is

F=L - (N (4.83)

Therefore, the force per unit area of the plate is
2

23 sy

where o(C/m?) is the surface charge density. However, we have seen earlier that the electric field

inside a parallel plate capacitor is given by

(4.85)

a9
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Figure 4-8: The plates in a capacitor attract each other with a force per unit area, % = %50E2 = %g—;

N/m?2. The electric force in the direction of the electric field is a tensile force because the electric
field lines tend to become shorter.

Therefore, the force per unit area becomes

F 1
5= §eE2 N/m? (4.86)
Earlier, we have seen that the quantity
1
5eE? (4.87)

has the dimensions of energy density, J/m3. An alternative interpretation for this quantity is the
force per unit area,

J o N-m N

m3 m3  m?
One might prematurely interpret the force per unit as the pressure (N/m?). However, this is not
always correct. Depending on the direction of force relative to the direction of the electric field,
the force appears as a tensile stress or as a pressure.

The attractive force in the case of the parallel plate capacitor is in the same direction as the

electric field. The force per unit area

§€E2

to act on the plate surface is directed from the region of zero energy density in the plate (recall that
E = 0 in a conductor) to the region of high energy density in the dielectric. This is in contrast to
the concept of pressure, which acts from the higher to lower energy density region. We, therefore,
conclude that the electric force in the direction of the electric field (either parallel or antiparallel)
is of tensile stress nature.

On the other hand, the electric force perpendicular to the electric field can be interpreted as a
pressure. To illustrate this, let us consider the boundary between the air and dielectric slab which
is partially inserted into a parallel plate capacitor. The slab tends to be sucked in because the

electric force always acts so as to increase the capacitor. If the gaps between the plates and the
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Figure 4-9: A dielecgtric slab partially filling a capacitor is pulled into the capacitor. The electric
field is common E = V/d and the force acts as a pressure from the higher energy density region
%€E2 to the lower %E()EZ.

dielectric slab are negligibly small, the electric fields in the air and slab are the same,

|4
E=—
d

Therefore, the energy densities in the air and dielectric slab are

1 1
§GOE2 s §6E2

respectively. It is clear that the force perpendicular to the electric field is directed from the higher

energy density region (slab) to the lower energy density region (air), and the difference,
1 1
5eEQ — 560E2 (4.88)

appears as a pressure.
The examples considered above are the special cases of a more general expression for electric

stress which is in a tensor form. The force per unit volume to act on a charge density p is
f=pE (N/m®) (4.89)
Since p = ¢V - E (Maxwell’s equation), the force becomes

f = e«(V-E)E
= ¢V (EE)—c(E-V)E (4.90)

where EE is a tensor defined by

E? E,E, E,E,
EE=| E,E, E. E/Ez (4.91)
E.E., E,E, E?
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Note that the divergence of a tensor is a vector. The last term in Eq. (4.90) is equal to
|-
EVE = §VE’ (4.92)

for static electric field satisfying

V xE =0

To derive Eq. (4.92), we recall the general formula
V(A-B)=Ax(VxB)+Bx (VxA)+(A-V)B+(B-V)A
Substituting A = B = E, and noting V x E = 0, we find
1 1 o
(E-V)E :§V(E -E) :§VE =EVE

Physically, this equality means that for a curl-free fector, the curvature (E-V)E and the gradient
EV E should be identical. In other words, wherever the curl-free field is curved, there must be a
gradient in the field’s magnitude simultaneously associated with the curvature.

Substituting Eq. (4.92) into Eq. (4.90), we obtain

€0

f=¢V - (EE)—EVEZ (4.93)

In the cartesian coordinates, this takes the following form

€
50 (E2 - E2 - E?) 6 «0E.E, «0E.E,
f=V 0B, E, 50 (B2 - E? - E?) 0B, E. (4.94)
€
eob L E, EO-EyE'z 50 (E? - E% - E;)
where 9 5 9
V = ex% +ey37y +ez$

For example, the x component of f is given by

Jfa

0 [io (coEwE,) (4.95)

_ 2 2 2 0 9
= |3 (B2 - B} - B?)| + oy (BB + 5

0z
In a dielectric, €p should be replaced by €, which may be spatially nonuniform.

Let us see if we can recover the two cases considered earlier. For simplicity, we assume that

only the z component of the electric field is present. Then,
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These results clearly indicate that the electric stress force perpendicular to the field appears as a
pressure, and the stress force in the same direction as the field appears as a tensile stress.
When we are interested in a total force to act on a dielectric body, we integrate the stress f

over the volume of the dielectric to find
F = / fdv

_ 7{ [E(n D) (B D)n} ds (4.96)

where n = dS/dS is the unit normal vector on the closed surface S. Note that for a tensor AB,

/V (AB)AV = fn .(AB)dS
_ ]{ (n- A)BdS (4.97)
Example: A pararell plate capacitor with separation distance d is dipped vertically into a trans-
former oil which has a pemittivity € and mass density p,,,. If the capacitor is charged to a volatge
V, how high does the oil in between the plates rise?

The electric field in between the plates is E = V/d which is common to the air and oil. Therefore,

the difference in the energy densities is given by

% (e —€0) <Z>2 (4.98)

Since the expected force is vertical, and thus perpendicular to the horizontal electric field, the
energy difference acts as a pressure and is directed upward from the oil to the air. Therefore, the
oil in between the plates will rise until the electric force is counterbalanced by the gravitational

force. The gravitational pressure is given by

pmgh (N/m?)

Equating this to the electric pressure, we obtain

1 V2
B (€ —€o) (d) = pmgh

or

o)
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When the oil permittivity is unknown, it can be determined from the height, h.
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